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Detection of climate change is the 

process of demonstrating that climate 

has changed in some defined statistical 

sense (IPCC, 2009).

 Attribution is the process of evaluating 

the relative contributions of multiple 

causal factors to a change or event with 

an assignment of statistical confidence.

 The Ordinary Least Squares (OLS) 

and/or the Total Least Squares (TLS) 

Regression Methods have been 

employed in detection-attribution studies 

so far (Stott et al., 2003).

 This study aims to evaluate 

performances of these regression 

methods in comparison to the 

cointegrating VAR method.

Synthetic data generated using some 

simple toy models are used. The toy 

models are for atmospheric concentration 

of CO2 (ct), observed global mean 

temperature (yt) and climate model  

temperature (xt). The model parameters 

are estimated using historical data for the 

20th century. 

Linearity of the relations is assumed for 

simplicity in addition to the observed 

nearly linear relations in the historic data. 

Patterns in both (historic and synthetic) 

datasets do not deviate  much from each 

other.

Figure 1. Time series                                       Figure 2. Example  of the 

plot of the historic data                                     synthetic data  for 100 years
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Two classes of models considered:

Linear Regression model       VAR(2) Time Series model

for and

How to estimate the scaling factor (coefficient) of the long-run 

relationship  between climate variables?

OLS/TLS Methods

OLS minimizes the sum of squared

vertical distances (    )  whereas  the

TLS does the sum of squared 

orthogonal  distances (  )-assuming 

equal error variances in  the    and 

variables.

Figure 3: The OLS and TLS residuals

The Cointegrating VAR method
An integrated process     of order 1, is called cointegrated if 

there exists at least one  cointegrating vector  such that         

is stationary (Juselius, 2006).

Reparametrizing the  above VAR (2) model we get the Vector 

Error Correction Model (VECM).

describes the long-run relationships between the variables 

whereas    describes transitory effects measured by the lagged 

changes of the variables.

The VECM form holds if there exist two reduced ranked 

matrices      and      such that           --- measures 

adjustment rate and     does the long-run relationship. If the 

VECM holds, by Granger’s Representation Theorem (Engle et 

al., 1987), there is 1cointegrating relation in the 2-dimensional 

vector     with the normalized vector of cointegration

.

The OLS, TLS and COINT

estimates for each of the 

50 Monte Carlo realizations 

of length100 along 

with their 95% confidence 

limits. 

Which estimates are more 

Biased?

Relatively more efficient?

Figure  4. Estimates of the amplitude (scaling factor): true

value of the parameter (red),point estimates (black) 

and the 95% confidence limits (green) 
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Introduction

The Data

Methodological Approaches
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Results

True value(red), Point 

estimates(blue) and 

the 95% limits(pink)

The mean (to reduce effect of noise) of 50 ensemble estimates 

are evaluated to get more  evidence  that backups the above 

results.

Figure 5. Mean of Estimates together with their MSE, Bias and Variance

To test for the robustness of the results, we made relative 

changes in the parameters of 

the data generating 

processes. 

The results are robust .

Which estimates are

- less biased?

- more consistent?

- relatively more efficient?

Figure 6. Mean of Estimates together with their MSE, Bias and 

Variance - using data from the new toy models

OLS regression estimates are negatively biased especially for 

small samples. 

 TLS regression estimates are less biased than the OLS ones 

(at least at 95% confidence level); but highly inefficient and 

positively biased relative to those of cointegration estimates.

 Estimates for cointegrating VAR model are less biased, as 

well as more efficient than the TLS and OLS regression 

estimates. They also have faster rate of convergence with 

length of time series to the true values.

The cointegrating VAR approach enables us to describe 

changes in cointegrating climate variables as a cumulated 

effect of an adjustment to their previous changes, an 

adjustment to their previous disequilibria and the effect from 

their long-run relation itself.
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