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Introduction

Floods are natural catastrophes which may
have a disastrous effect in economic terms. For
example, UK floods in summer 2007 resulted in
the largest flood-related aggregate insured loss
in the UK (Lane, 2007).

Recent studies of UK catchments reveal signif-
icant spatio-temporal clustering in major floods
(Robson, 2002; Lane, 2007) over decadal
timescales and such non-stationary behaviour
makes the problem of modelling high-flow river
discharge particularly complex.

One possible explanation for this clustering is
low frequency climatic variability, but other un-
observed processes (e.g. anthropogenic fac-
tors) may also be involved. It is therefore crucial
to adopt models that can reflect both climate
trends and latent structure. This work involves a
hidden semi-Markov model which can account
for features in the variability of flooding that may
be driven by unobserved processes.

Model Formulation

Consider a data set which is a time series
y = {y1, y2, . . . , yN} of yearly counts of single
days for which a flood event was recorded. We
assume a non-stationary Poisson model for yt
(t = 1, . . . , N ), where the mean Λ (xt;St) may
depend on time dependent covariates xt and on
the hidden state St of a semi-Markov chain at

time t where St ∈ {1, 2, . . . , S} is the state
space of the process. The mean, is:

Λ (xt;St) = exp {θSt
+ βxt}

so that given the state St, yt is Poisson with a
mean depending directly on time through xt =

(x1t, x2t, . . . , xpt) and indirectly through the state
dependent intercept θSt

. Note that through the
hidden chain, some correlation structure is in-
troduced in the counts yt. To derive the likeli-
hood of the HSMP consider first the likelihood
of the conditional Poisson model over a period
τ :

`(y1, y2, . . . , yτ |s) =
τ∏
i=1

e−Λ(xi;s)Λ (xi; s)
yi

yi!
(1)

Second, consider a semi-Markov chain which
is often defined by an initial state distribution
π = (π(1), π(2), . . . , π(S)), a transition proba-
bility matrix P = {pij} where pii = 0,

∑
j pij =

1 and a vector of holding time distributions
h(τ ) = {hi(τ )}. The likelihood of a realisation
(τs1, τs2, . . . , τsn) of this chain involving n state
changes is

π(s1)hs1(τs1)
n∏

j=2

psj−1,sjhsj(τsj) (2)

hi(τ ) can be any discrete distribution and if
it is geometric then the chain is Markov and
not semi-Markov. Now suppose that both
the time series y and the semi-Markov chain
have been observed. Then the joint likelihood
L(y1, . . . , yN ; τs1, . . . , τsn) is obtained by combin-
ing (1) and (2):

π(s1)hs1(τs1)`(y1, . . . , yτs1|s1)ps1,s2hs2(τs2)

× `(yτs1+1, . . . , yτs1+τs2|s2)ps2,s3hs3(τs3)

× etc.

The chain is not observed though, so we sum
over all possible states si ∈ {1, 2, . . . , S} and
all possible holding times τi ∈ {1, 2, . . . , T} to
obtain the marginal likelihood L(y1, . . . , yN) of
the HSMP model as:

∞∑
τ1+···+τsn=T

S∑
s1=1

. . .
S∑

sn=1

L(y1, . . . , yN ; τs1, . . . , τsn)

This likelihood is a function of the parameters
in Λ (x(t);St), in π, in P and in hi(τi). Direct
evaluation of the likelihood is prohibitively com-
putationally intensive therefore we employ re-
cursive algorithms used in the HMM literature
(Rabiner, 1989) to efficiently evaluate it. Given
the complexity of the model we adopt an MCMC
approach and the likelihood is used in conjunc-
tion with Metropolis-Hastings to provide a com-
putationally feasible estimation procedure. We
use a combination of the random walk and in-
dependence Metropolis samplers.

Model Application

We examine daily discharge data for the river
Lee (UK) in the 85 year period between 1879
and 2007. The response y is the number of
days a flood has occurred in a year. Covariates
x1(t), x2(t) and x3(t) are used, corresponding to
the yearly averages of Atlantic multi-decadal os-
cillation (AMO), North Atlantic oscillation (NAO)
and Southern Oscillation Index (SOI) indexes
during that period. The possible presence of
other, not explicit low-frequency processes is
accounted for by the hidden semi-Markov chain.
Specifically, we assume two hidden states St

in the chain where each has a Poisson holding
time with a different mean. The model is:

yt ∼ Pois(Λ (x1t, x2t;St))

Λ (x1t, x2t;St) = exp {θSt
+ β1x1t + β2x2t}

The figure shows fitted (blue) and actual values
(black) of the response, along with 95% predic-
tion intervals (grey). The model captures the
temporal behaviour of the counts rather well
and the two hidden states are clearly identi-
fied: θ1 < θ2 and the holding time for state 1
is smaller than that of state 2. The most likely
state sequence is also shown on the plot (black
dots).
The multi-decadal variability in the data is
accounted for by the tele-connection indices
whereas the remaining (smaller scale) variabil-
ity is captured by the hidden chain.
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