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Topics for Discussion :

 How to define I(0)?

 Sufficient conditions for I(0).

 Nasty counter-examples.

 Testing for I(0)…

 … and its discontents.

 Another approach?
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Some Definitions

1. “Definition: A series with no deterministic component which has a stationary, invertible
ARMA representation after differencing d times is said to be integrated of order d...” (Engle and
Granger 1987, p. 252.)

2. “It follows that [...] a short-memory series is I(0), as it needs differencing zero times” (Engle
and Granger 1991, p. 3)

3. “... if the series must be differenced exactly k times to achieve stationarity then the series is I(k),
so that a stationary series is I(0).” (Banerjee, Dolado, Galbraith and Hendry 1993, p. 7.)

4. “A finite (non-zero) variance stochastic process which does not accumulate past errors is said
to be integrated of order zero...” (Hendry 1995, p. 43)

5. “A stochastic process Yt which satisfies Yt − EYt  ∑i0
 Cit−i is called I(0) if [∑i0

 Cizi

converges for |z|  1 and]∑i0
 Ci ≠ 0.” (Johansen 1995, p. 34-35, the condition t  iid0,2

being understood.)
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Comment: Three distinct properties cited here:

1. Stationarity.

2. Short memory.

3. Finite variance.

Or, linear models with restrictions embodying these properties.

Perhaps better to say why we need these properties to hold – to validate
asymptotics...?

Definition 1 A time series xt is I(0) if the partial sum process Xn defined on the unit interval by

Xn  n
−1∑

t1

n

xt − Ext, 0   ≤ 1

where n
2  Var∑t1

n xt, converges weakly to standard Brownian motion B as n → .
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Conditions for I(0)
Summability of the autocovariances is the fundamental necessary condition.

In linear covariance stationary processes,
xt ∑j0


ajut−j, ∑j0


aj

2  , ut  i. i. d. 0,2.

 I(0) implies summability of the MA coefficients:

2 ∑
m−


m  2 ∑

j0


aj

2
.

 Generalizing to
ut ∑j0


bjt−j, t  i. i. d. 0,2,

2  2 ∑
j0


aj

2
∑

j0


bj

2
.

Can iterate this “Russian doll” layering of the dependence structure any finite number of times.

Alternatively, nonparametric memory restrictions: mixing, geometric ergodicity, near-epoch
dependence

5



Pitfalls:
 Summability an uncheckable condition in finite samples!
 Must assume some ancillary "smoothness" condition.

 Leeb and Pötscher (2001) exhibit covariance stationary processes, not over-differenced but
having non-differentiable spectral distribution functions.

 Not I(0) by Definition 1.

 Lack the characteristic property for Brownian asymptotics, that the partial sum variance
increases proportionately to sample size.

 Müller (2006) considers processes generated by expansions of the form

Ys  2
 ∑k1


gk sinsk − 1

2 k, s  t/T, t  1… ,T, k  i. i. d.N0,1

 Setting gk  1/k − 1
2  gives "I(1)" (discrete Brownian motion, see Phillips 1998)

 Setting gk  1 yields Gaussian white noise

 Setting gk  1 for k  1, . . . ,n, gk  1/k − 1
2  for k  n, where n →  as T → , can yield

I(0) on Definition 1, yet P(rejection) → 1 in wide class of tests for I(0) (in effect, for
summable covariances).
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Testing I(0)

Broadly, three approaches to the testing problem:

1. Tests in the context of a parametric model, ARMA or long memory.

2. Tests of restrictions on derived measures such as spectral density at 0.

3. Nonparametric tests (? direct tests of Definition 1)

 Also, consistent criteria for choice between I(0) and I(1) (Stock 1994, Corradi 1999).
Don’t consider these further.
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Parametric Hypotheses

1. AR(I)MA model:
H0: “the largest AR root lies strictly inside∗ the unit circle”.

 Size control problem obvious.

 H0 defined by non-compact set 0 whose closure contains the leading alternative.

 If test consistent, then
size  sup

∈0

Ptest rejects → 1 as T → 

 Can test the hypothesis that the largest AR root lies in a specified stable region, not having 1 as
boundary point.

 Not a test of I(0)!

 How to interpret a rejection?

* In appropriate parameterization
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2. Embed I(0) in I(d) class:

LM-type tests: (Robinson (1991), Agiakloglou and Newbold (1994), Tanaka (1999), and Breitung
and Hassler (2002), etc.)

t-tests on d (Robinson (1994), Geweke and Porter-Hudak (1983), Moulines and Soulier (2000) etc.)

 Problem: AR roots now nuisance parameters. Size control problem re-emerges in a new form.

 Correct asymptotic size requires AR components be removed by pre-whitening.

 Tests of d  0 require AR roots are in the stable region.

 Unit root observationally equivalent to d  1.

 Consistent prewhitening implies power against unit root alternative  size!!
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Testing the spectral density at 0 - an "ill-posed" problem?

Note that

f  0
2  1

 ∑
j1



 j cosj

so I(0) requires f0  .

How to test this hypothesis?

Fundamental problem: the mapping from parameter space to spectral density has
discontinuities.

Blough (1992), Dufour (1997), Faust (1996, 1999), Pötscher (2002), Müller (2004, 2006).
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 Consider (after Faust) the class A of covariance stationary MA() processes, having i. i.d
shocks and square-summable coefficients.

xt ∑j0


ajut−j, ut  i. i. d. 0,1.

 A  a0,a1,a2,… ∈ A if∑j0
 aj

2  

 A ∈ A0 ⊂ A if∑j0
 aj  , hence fA0  .

 Note: A  A0, and sets A0 and A−A0 are both dense in A.

 Let CT:A    B denote the -level confidence interval for fA0, defined by

A
inf PAfA0 ∈ CT ≥ 1 − .     (*)

Then CT is unbounded for any   0.

 Remains true even if the A0 replaces A in (*)! (A0 not compact.)

 A standard kernel estimator of fA0 with bandwidth KT may satisfy CLT with variance
OKT/T – but the implied approximate confidence intervals are arbitrarily poor approximations.

 There exist DGPs arbitrarily close to A ∈ A0 for which the kernel estimate of fA0 is OpKT,
with no well defined limiting distribution.
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Not just a problem of infinite-dimensional parameters!

 Every model A ∈ A0 is arbitrarily close to a model A ′ ∈ A−A0.

 Consider ARMA(1,1),
1 − LXt  1 − Lt

Pötscher (2002) constructs a class of sequences k,k → 1, 1, where

 k ≠ k ∀k (thus, no identification problem),

 any fixed spectral density you like on the path.

 Consider IMA(1) class with   1 and   k → 1

 I(1) for all finite k

 i.i.d. in the limit!
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Nonparametric Tests of I(0).

Examples:
Modified R/S test (Lo, 1991), KPSS test (Kwiatkowski et al., 1992), Lobato and Robinson (1998),
V/S test (Giraitis et al. 2003), long range autocorrelations test (Harris et. al. 2008), increment ratio
test (Surgailis et al. 2007).

 All these tests (except the last) depend on an estimator of the long run variance of the process,
assumed finite under H0.

 Properties of the tests completely defined by the properties of the variance estimators!

 Equivalently: H0 specified, in effect, by specifying a finite lag beyond which the sum of the
autocovariances is either exactly zero or arbitrarily close to zero.

 Different truncations effectively define different null hypotheses, all strictly contained in the
‘I(0) hypothesis’.
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KPSS test (Kwiatkowski, Phillips, Schmidt & Shin 1992)

̂T  1
T2̂T

2 ∑
t1

T

∑
s1

t

xs − x̄T
2

where ̂T
2 is a kernel estimator of 2f0.

 On H0: f0  ,

̂
d
→ 

0

1
Br − rB12dr

Interesting fact

The KPSS statistic constructed using the Bartlett kernel with bandwidth  sample size, has a
degenerate distribution with value 1

2 (see Kiefer and Vogelsang 2000).

 KPSS test compares two variance estimators, respectively imposing and not imposing a
truncation point smaller than sample size n.

 The problem: there are n − 1 such comparisons that can be made in a sample of size n, and no
formal constraints on the proper choice.

 There always exists a valid truncation point which sets power equal to size.
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Conclusion so far...
Serious and unavoidable problems in discriminating I(0) models and alternatives.

Pessimistic Implication:

What future for methods of analysis that depend critically on making this
discrimination reliably?
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Less Pessimistic Implication:

Are we posing the right question?

Compare the following:

1. “Will asymptotic distribution results based on the assumption of I(0) provide more accurate
approximate inferences than alternatives, in my sample?” .

2. "Will the distributions obtained by extending my sample indefinitely match the asymptotic
distributions implied by the I(0) hypothesis?”

 It’s 2 that has proved difficult to answer...

 ... but that’s of little concern if there is no actual prospect of extending the sample
indefinitely....

 ... and if there were this prospect, where’s the problem?

 It’s 1 that we really need to answer…
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Suggestion:
“If it walks like a duck, and quacks like a duck,

then (let’s assume) it’s a duck.”
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Fingerprinting I(0)
Problem:
Need an independent yardstick to judge, (e.g. in a simulation experiment) whether the distribution in
question is sufficiently close to what’s assumed.

 Linking back to Definition 1 – essentially the question of whether the partial sums approximate
to Brownian motion in a sufficiently large sample.

 Natural approach: choose a real-valued statistic with limiting distribution a unique functional of
Brownian motion.

 Such statistics often dependent on estimates of scale, making the problem circular.

However: consider the statistic T−1̂T where

̂T 
∑t1

T Ut
2

T∑t1
T ut

2

where Ut  u1   ut. Either ut  xt − x̄, or ut  xt − ̂ ′zt, zt  deterministic regressors.

 proposed by Breitung (2002) as a nonparametric test of I(1).

 ̂T similar to the KPSS statistic except that the variance estimate is not
autocorrelation-corrected.
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Properties
Suppose vt  I0 with mean 0 and long-run variance 2  , and xt  ∑s1

t vs.

Then (by definition)

T−1/2xT.
d
→ W. 

where W is standard Brownian motion.

 Accordingly, by CMT, T−1̂T
d
→ 0 where

0 


0

1 
0


Wsds −  

0

1
Wsds

2
d


0

1
W2d − 

0

1
Wd

2 .

  cancels in the ratio so distribution free of nuisance parameters.

 Breitung points out that under the alternative hypothesis ut  I0, T−1̂T  OpT−1 –
consistent test of I(1) vs I(0). using lower tail as rejection region.

 However, 0 ≤ T−1̂T ≤ 1/2 almost surely.

 No consistent test of I(1) vs I(1  d) for d  0, nor (by implication) test of I(0) applied to the
partial sums.
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Consider the case where vt is Id for d  0.

 If d  1
2 :

T−d−1/2∑
s1

T

vs
d
→ Wd

where   long-run variance of 1 − Ldvt, and Wd  fractional Brownian motion (Mandelbrot
and Van Ness 1968). Then

T−1̂T
d
→ d 


0

1 
0


Wdd −  0

1
Wdd

2
d


0

1
Wd2d − 

0

1
Wdd

2 .

 If 1
2  d  3

2 :

T−d−1/2∑
s1

T

vs
d
→ 

0


Wd−1d, 0 ≤  ≤ 1

and

d 


0

1 
0

 
0


Wd−1dd −  

0

1 
0


Wd−1dd

2
d


0

1 
0


Wd−1d

2
d − 

0

1 
0


Wd−1dd

2 .
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Breitung (2002) statistic with cumulated I(d) increments. The case I(0) is Breitung’s null
distribution. (Kernel density plots from 1 million replications.)
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Idea
Use null distribution of Breitung’s statistic to fingerprint (partial sums of) an I(0) process.

 If distributions cannot be distinguished, it’s a reasonable conjecture that local dependence is
innocuous from the point of view of asymptotic inference.

 Most useful comparison not with the asymptotic distribution, but with the distribution based on
partial sums of matching size of i.i.d. Gaussian variates.

 Table 1 shows Monte Carlo experiment (100,000 reps.) implementing this idea as follows.

 Data simulated from Gaussian AR(1) with coefficients   0, 0.3, 0.5, 0.7 and 0.9, and
T  50, 100 and 200.

 KPSS statistic computed with HAC variance estimator from Bartlett kernel.

 4 bandwidths: two fixed (4, 12 lags), Andrews’ (1991) ‘plug-in’, Newey and West (1994)
‘plug-in’, without pre-whitening.
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T 50 100 200
 0.3 0.5 0.7 0.9 0.5 0.7 0.9 0.7 0.9

KPSS: Bw  4 0.062 0.087 0.145 0.270 0.095 0.172 0.403 0.189 0.509
Bw  12 0.043 0.043 0.051 0.080 0.055 0.077 0.174 0.087 0.236
Andrews 0.044 0.029 0.011 0.028 0.041 0.026 0.003 0.043 0.010

N-W 0.060 0.077 0.112 0.212 0.073 0.114 0.264 0.115 0.316
K-S for T−1̂T 0.727 1.486 2.786 6.790 0.737 1.434 4.404 0.802 2.401

 Last row shows Kolmogorov-Smirnov statistic comparing null distribution of T−1̂T (from
Gaussian i.i.d simulation) with actual (dependent sample) simulation.

 Boldface shows cases exceeding asymptotic 5% critical value (1.35). These are the cases where
answer to Qu. 1 is "No".

 Size-power trade-off of KPSS depends on bandwidth.

 KPSS gives especially poor answers to Qu. 1. Rejection frequency increases with T, whereas
K-S indicates approximation improving, as expected (by invariance principle).
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Bootstrap Test of I(0)
Consider the following steps:

1. Estimate a dynamic time series model for the data.
2. Use this estimate to simulate the series many times and tabulate the Breitung statistic T−1̂T for

the partial sums.
3. Use the 2-sided Kolmogorov-Smirnov test to compare the distribution of this statistic with the

benchmark case based on independent increments.

 1 is the tricky step – we need the test to have power against both unit root and long memory
alternatives

 three methods compared

 Sieve autoregression

 ARFI(1,d) two-parameter model

 Truncated FI,

xt  −∑j1

min,t−1
bjxt−j  et

with d and  fitted as parameters.
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5000 Reps. Size Power: AR(1)  Power: FI d
T Test (Nom. 5% Test) 0.3 0.5 0.7 0.9 0.3 0.5 0.7
50 True 0.050 0.206 0.682 0.997 1 1 1 1

Sieve AR 0.068 0.164 0.492 0.828 0.975 0.293 0.672 0.924
ARFI(1,d) 0.174 0.064 0.092 0.305 0.797 0.383 0.622 0.861
Trunc. FI 0.129 0.135 0.366 0.730 0.964 0.458 0.733 0.926

100 True 0.050 0.085 0.207 0.673 1 1 1 1
Sieve AR 0.054 0.086 0.204 0.557 0.962 0.105 0.479 0.846
ARFI(1,d) 0.153 0.073 0.092 0.193 0.810 0.554 0.758 0.730
Trunc. FI 0.095 0.112 0.168 0.473 0.953 0.548 0.761 0.877

200 True 0.050 0.069 0.098 0.261 0.986 1 1 1
Sieve AR 0.050 0.071 0.096 0.249 0.867 0.197 0.516 0.857
ARFI(1,d) 0.165 0.080 0.096 0.155 0.602 0.842 0.914 0.855
Trunc. FI 0.094 0.077 0.063 0.139 0.818 0.750 0.862 0.884

500 True 0.050 0.050 0.056 0.075 0.381 1 1 1
Sieve AR 0.050 0.050 0.056 0.074 0.344 0.070 0.208 0.755
ARFI(1,d) 0.143 0.083 0.109 0.159 0.369 0.960 0.975 0.928
Trunc. FI 0.081 0.044 0.035 0.045 0.283 0.890 0.967 0.985
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