
7KH )XQFWLRQDO &HQWUDO /LPLW 7KHRUHP DQG :HDN

&RQYHUJHQFH WR 6WRFKDVWLF ,QWHJUDOV ,� :HDNO\

'HSHQGHQW 3URFHVVHV �

5REHUW 0� GH -RQJ

0LFKLJDQ 6WDWH 8QLYHUVLW\

-DPHV 'DYLGVRQ

&DUGLII 8QLYHUVLW\

)LQDO 5HYLVLRQ� 0D\ ����

$EVWUDFW

7KLV SDSHU JLYHV QHZ FRQGLWLRQV IRU WKH IXQFWLRQDO FHQWUDO OLPLW WKHRUHP� DQG ZHDN FRQYHUJHQFH RI

VWRFKDVWLF LQWHJUDOV� IRU QHDU�HSRFK GHSHQGHQW IXQFWLRQV RI PL[LQJ SURFHVVHV� 7KHVH UHVXOWV KDYH IXQ�

GDPHQWDO DSSOLFDWLRQV LQ WKH WKHRU\ RI XQLW URRW WHVWLQJ DQG FRLQWHJUDWLQJ UHJUHVVLRQV� 7KH FRQGLWLRQV

JLYHQ LPSURYH RQ H[LVWLQJ UHVXOWV LQ WKH OLWHUDWXUH LQ WHUPV RI WKH DPRXQW RI GHSHQGHQFH DQG KHWHURJHQH�

LW\ SHUPLWWHG� DQG LQ SDUWLFXODU� WKHVH DSSHDU WR EH WKH ¿UVW VXFK WKHRUHPV LQ ZKLFK YLUWXDOO\ WKH VDPH

DVVXPSWLRQV DUH VXI¿FLHQW IRU ERWK PRGHV RI FRQYHUJHQFH�

�� ,QWURGXFWLRQ

$V\PSWRWLF WKHRU\ IRU LQWHJUDWHG SURFHVVHV LV DQ DUHD RI UHVHDUFK ZKHUH UHVXOWV IURP IXQFWLRQDO

OLPLW WKHRU\ DUH FUXFLDO� 7KHVH UHVXOWV DUH WKH PDLQ XQGHUSLQQLQJ RI WKH HFRQRPHWULF DQDO\VLV RI

PRGHOV ZLWK LQWHJUDWHG DQG FRLQWHJUDWHG YDULDEOHV� 3KLOOLSV ������ ������ 3KLOOLSV DQG 'XUODXI

������� 3DUN DQG 3KLOOLSV ������������ -RKDQVHQ ������������ DUH WKH ZHOO�NQRZQ VHPLQDO FRQ�

WULEXWLRQV WR ZKDW LV QRZ D YHU\ H[WHQVLYH OLWHUDWXUH�

,Q WKLV WKHRU\� WKH VDPSOH VWDWLVWLFV ZKRVH GLVWULEXWLRQV DUH VRXJKW DUH W\SLFDOO\ IXQFWLRQV RI

VDPSOH PRPHQWV LQ ZKLFK WKH GDWD PD\ EH �D� VWDWLRQDU\� RU �E� LQWHJUDWHG� RU D �F� PL[WXUH RI

ERWK� 7KH DV\PSWRWLF DQDO\VLV RI HDFK RI WKHVH FDVHV UHTXLUHV D GLIIHUHQW WHFKQLTXH� &DVH �D�

LV WKH VWDQGDUG RQH OHDGLQJ WR *DXVVLDQ OLPLW GLVWULEXWLRQV� ,Q FDVH �E�� ZHDN FRQYHUJHQFH WR

IXQFWLRQDOV RI %URZQLDQ PRWLRQ RU UHODWHG *DXVVLDQ SURFHVVHV PXVW XVXDOO\ EH SURYHG� DQG WKH

WHFKQLTXH RI DQDO\VLV LV WR FRPELQH D PXOWLYDULDWH IXQFWLRQDO FHQWUDO OLPLW WKHRUHP �)&/7� ZLWK

WKH FRQWLQXRXV PDSSLQJ WKHRUHP� ,W LV LPSRUWDQW� HVSHFLDOO\ IRU DSSOLFDWLRQV WR HFRQRPLF GDWD�

WKDW D ZLGH ODWLWXGH VKRXOG EH SHUPLWWHG LQ WKH DPRXQW DQG W\SH RI GHSHQGHQFH DQG KHWHURJHQH�

4 :H WKDQN %UXFH +DQVHQ� 3HWHU 3KLOOLSV DQG WZR DQRQ\PRXV UHIHUHHV IRU WKHLU FRPPHQWV RQ HDUOLHU YHUVLRQV RI

WKLV SDSHU� $Q\ HUURUV DUH RXUV DORQH�

�



LW\� LQ WKH UDQGRP YDULDEOHV XQGHU FRQVLGHUDWLRQ� ,Q FDVH �F�� WKH OLPLWV LQ TXHVWLRQ DUH VWRFKDVWLF

LQWHJUDOV �,W{ LQWHJUDOV�� DQG H[FHSW LQ WKH XQLYDULDWH FDVH� WR VKRZ ZHDN FRQYHUJHQFH FDOOV IRU D

GLIIHUHQW WHFKQLTXH RI SURRI�

5HVXOWV RI W\SH �E� DUH DSSOLHG LQ DOO WKH DERYH�FLWHG VWXGLHV� DQG UHVXOWV RI W\SH �F� DUH

DOVR FUXFLDO LQ DOO EXW WKH ¿UVW WZR� ,W LV QRWHZRUWK\ LQ YLHZ RI WKH QRZ URXWLQH XVH RI WHVWV

EDVHG RQ WKHVH DV\PSWRWLFV �ZLWK FULWLFDO YDOXHV REWDLQHG E\ VLPXODWLRQ� WKDW LQ WKH ODWWHU FDVH�

WKH DYDLODEOH SURRIV RI ZHDN FRQYHUJHQFH LPSRVH UHODWLYHO\ VWULQJHQW FRQGLWLRQV RQ WKH DPRXQW

DQG IRUP RI SHUPLWWHG GHSHQGHQFH� )RU H[DPSOH� 6WUDVVHU ������� &KDQ DQG :HL ������� DQG

-HJDQDWKDQ ������ LPSRVH D PDUWLQJDOH GLIIHUHQFH DVVXPSWLRQ� UXOLQJ RXW VHULDO FRUUHODWLRQ RI

WKH LQFUHPHQWV� DW OHDVW RI WKH LQWHJUDWRU SURFHVV� 3KLOOLSV �����E� FRQVLGHUV OLQHDU SURFHVVHV

ZLWK L�L�G� LQQRYDWLRQV� DQG +DQVHQ ������ DOORZV VWURQJ PL[LQJ� EXW DOO WKH FLWHG FRQGLWLRQV

DUH VWURQJHU WKDQ DUH NQRZQ WR EH VXI¿FLHQW IRU WKH )&/7 IRU WKH VDPH PXOWLYDULDWH SURFHVV�

0RUHRYHU� WKH UHVXOWV JLYHQ E\ 3KLOOLSV �����D� DQG 'DYLGVRQ ������ FRQWDLQ HUURUV��

,Q WKLV SDSHU� ZH JLYH QHZ FRQGLWLRQV IRU WKH PXOWLYDULDWH )&/7� DQG VWRFKDVWLF LQWHJUDO FRQ�

YHUJHQFH� 7KH IRUPHU UHVXOW GRPLQDWHV WKH H[LVWLQJ RQHV LQ WKH HFRQRPHWULFV OLWHUDWXUH XVLQJ

FRPSDUDEOH DVVXPSWLRQV� VXFK DV :RROGULGJH DQG :KLWH ������� DQG 'DYLGVRQ ������ 7KH�

RUHP ������ 7KH FRQGLWLRQV DUH RQO\ D OLWWOH VWURQJHU WKDQ WKH EHVW FRPSDUDEOH RQHV IRU WKH

RUGLQDU\ FHQWUDO OLPLW WKHRUHP� 0RUHRYHU� RXU UHVXOWV IRU VWRFKDVWLF LQWHJUDO FRQYHUJHQFH LP�

SRVH YLUWXDOO\ WKH VDPH FRQGLWLRQV DV WKH )&/7� DQG VR UHSUHVHQW D VXEVWDQWLDO LPSURYHPHQW

RYHU SUHYLRXV UHVXOWV� 6HFWLRQ � VHWV RXW WKH PDLQ DVVXPSWLRQV� 6HFWLRQ � GLVFXVVHV WKH )&/7

DQG 6HFWLRQ � WKH FRUUHVSRQGLQJ VWRFKDVWLF LQWHJUDO FRQYHUJHQFH UHVXOW� 6HFWLRQ � FRQFOXGHV WKH

SDSHU� 7KH SURRIV DUH JDWKHUHG LQ $SSHQGLFHV $�&�

�� 'H¿QLWLRQV DQG $VVXPSWLRQV

$ NH\ LVVXH LQ WKLV WKHRU\ LV WKH PHWKRG RI FKDUDFWHULVLQJ ZHDN GHSHQGHQFH RI WKH XQGHUO\�

LQJ WLPH VHULHV� :H IROORZ DXWKRUV VXFK DV *DOODQW DQG :KLWH ������ DQG 3|WVFKHU DQG 3UXFKD

������ LQ ZRUNLQJ ZLWK WKH FRQFHSW RI QHDU HSRFK GHSHQGHQFH RQ D PL[LQJ SURFHVV� 7KLV IUDPH�

ZRUN KDV FRQVLGHUDEOH JHQHUDOLW\� :KHUHDV DGGLWLRQDO GHSHQGHQFH FDQ EH DOORZHG LQ VSHFL¿F

FDVHV VXFK DV OLQHDU SURFHVVHV �VHH 'DYLGVRQ ���� DQG 3KLOOLSV DQG 6ROR ������ RXU DVVXPSWLRQ

LV PRUH OLNHO\ WR EH UREXVW LQ FDVHV RI SDUWLDOO\ VSHFL¿HG PRGHOV� LQ ZKLFK DVSHFWV RI WKH VKRUW�

UXQ GDWD JHQHUDWLRQ SURFHVV DUH XQNQRZQ� 6XFK VLWXDWLRQV DUH HQGHPLF LQ HFRQRPHWULF UHVHDUFK�

$V ZHOO DV LQFOXGLQJ LQ¿QLWH�RUGHU PRYLQJ DYHUDJHV XQGHU VXLWDEOH VXPPDELOLW\ FRQGLWLRQV�

QHDU�HSRFK GHSHQGHQFH FDQ EH VKRZQ WR EH VDWLV¿HG LQ YDULRXV QRQOLQHDU G\QDPLF SURFHVVHV�

6HH 'DYLGVRQ ������ IRU H[DPSOHV� 0L[LQJ SURFHVVHV DUH DOVR DOORZHG�

2XU GH¿QLWLRQ RI QHDU HSRFK GHSHQGHQFH LV DV IROORZV� /HW f?| GHQRWH D WULDQJXODU DUUD\ RI

UDQGRP YDULDEOHV GH¿QHG RQ WKH SUREDELOLW\ VSDFH ElcI c � �� DQG OHW nfnR GHQRWH E.mfmR��*R

IRU R � ��

'H¿QLWLRQ � f?| LV FDOOHG u2�1(' RQ UDQGRP YDULDEOHV T?| LI IRU 6 � fc��f?| �.Ef?|mI
|n6
?c|36�
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2
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ZKHUH I|
?r ' jET?rc � � � c T?|� � I IRU | � rc _?| LV DQ DUUD\ RI SRVLWLYH FRQVWDQWV� DQG DE6� $

5 6HH +DQVHQ ������� 'DYLGVRQ¶V ������ 7KHRUHP ����� LV FRUUHFWHG LQ WKH ���� UHSULQW RI WKH ZRUN E\ UHYLVLQJ
WKH FRQGLWLRQV� 7KH SUHVHQW SDSHU VKRZV WKDW 'DYLGVRQ¶V RULJLQDO WKHRUHP LV FRUUHFW DV VWDWHG� HYHQ WKRXJK WKH

SURRI FRQWDLQV DQ HUURU�
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f DV 6 $ 4�

:H UHIHU WR WKH _?| DV WKH ³1(' PDJQLWXGH LQGLFHV´ DQG WR WKH DE6� DV WKH ³1(' QXPEHUV´� $

VHTXHQFH VXFK DV DE6� LV VDLG WR EH RI VL]H �b LI DE6� ' �E63b30� IRU VRPH 0 : f� DQG ZH

DOVR VD\ WKDWf?| LV 1(' RI VL]H�b� RQ WKH SURFHVV T?|� ,Q WKH DSSOLFDWLRQ� T?| FDQ EH D PL[LQJ

SURFHVV� 2I WKH GLIIHUHQW PL[LQJ FRQFHSWV ZKLFK KDYH EHHQ GH¿QHG� WKH HFRQRPHWULFV OLWHUDWXUH

XVXDOO\ DGRSWV HLWKHU XQLIRUP ���� RU VWURQJ �k�� PL[LQJ� DQG ZH FRQVLGHU ERWK RI WKHVH FDVHV�

ZLWK VLPLODU µVL]H¶ WHUPLQRORJ\ IRU WKH k� DQG ��PL[LQJ QXPEHUV� )RU GH¿QLWLRQV DQG GHWDLOV

VHH WKH DERYH UHIHUHQFHV� DQG DOVR 'DYLGVRQ �������

'H -RQJ ������ DSSHDUV WR SURYLGH WKH PRVW JHQHUDO &/7 IRU 1(' IXQFWLRQV RI PL[LQJ SUR�

FHVVHV FXUUHQWO\ DYDLODEOH� /HWWLQJ if?|j GHQRWH D WULDQJXODU VWRFKDVWLF DUUD\� LW LV VKRZQ LQ WKDW

SDSHU WKDW
Sg?

|'� f?|
_

�$ �Efc ��c ZKHUH g? LV DQ LQWHJHU�YDOXHG LQFUHDVLQJ VHTXHQFH� LI WKH

IROORZLQJ DVVXPSWLRQ KROGV��

$VVXPSWLRQ � �D� f?| KDV PHDQ ]HUR DQG

���Sg?

|'� f?|

���
2
' ��

�E� 7KHUH H[LVWV D SRVLWLYH FRQVWDQW DUUD\ S?| VXFK WKDW if?|*S?|j LV uo�ERXQGHG IRU o : 2
XQLIRUPO\ LQ | DQG ?�

�F� f?| LV u2�1(' RI VL]H ��*2 RQ T?|� ZKHUH T?| LV DQ k�PL[LQJ DUUD\ RI VL]H�o*Eo� 2�� RU
f?| LV u2�1(' RI VL]H ��*2 RQ T?|� ZKHUH T?| LV D ��PL[LQJ DUUD\ RI VL]H �o*E2Eo � ���� DQG
_?|*S?| LV ERXQGHG XQLIRUPO\ LQ | DQG ?�

�G� )RU VRPH VHTXHQFH K? VXFK WKDW K? ' JEg?� DQG K
3�
? ' JE��� OHWWLQJ o? ' dg?K
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,Q WKH FDVH RI ��PL[LQJ� o ' 2 LV DOORZHG DV ZHOO LI WKH DVVXPSWLRQ RI XQLIRUP LQWHJUDELOLW\ RI

f2
?|*S

2
?| LV DGGHG WR $VVXPSWLRQ ��E��

�� $ )XQFWLRQDO &HQWUDO /LPLW 7KHRUHP

/HW

f?E1� '

g?E1�[
|'�

f?| uLh 1 5 dfc �oc �����

ZKHUH ig?E1�c ? � �j LV D VHTXHQFH RI LQWHJHU�YDOXHG� ULJKW�FRQWLQXRXV� LQFUHDVLQJ IXQFWLRQV

RI 1� ZLWK g?Ef� ' f IRU DOO ? � �� g?E1� LV QRQGHFUHDVLQJ LQ ? IRU DOO 1 5 dfc �o� DQG
g?E1� �g?E1

�� $ 4 DV ? $ 4 LI 1 : 1 �� 7KH UHIHUHQFH FDVH REYLRXVO\ LV f?| ' ?3�*2f|�

IRU VRPH VHTXHQFH RI UDQGRP YDULDEOHVf|� ZLWKg?E1� ' d?1o� 7KLV IUDPHZRUN LV EDVLFDOO\ WKH

VDPH DV WKDW RI :RROGULGJH DQG :KLWH ������ DQG 'DYLGVRQ ������ &KDSWHU ���

6 ,Q WKLV SDSHU� µ
g

�$¶ GHQRWHV FRQYHUJHQFH LQ GLVWULEXWLRQ� ZKLOH µ
s

�$¶ GHQRWHV FRQYHUJHQFH LQ SUREDELOLW\�
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7KHRUHP ��� /HW $VVXPSWLRQ � KROG IRU f?|� DQG DVVXPH WKDW
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.f?E1�
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H[LVWV IRU DOO 1 5 dfc �o� DQG WKDW�
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1Mdfc�3Bo

*�4 t�T
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7KHQ f?E1�
_
$ fE1�� ZKHUH fE1� LV D *DXVVLDQ SURFHVV KDYLQJ D�V� FRQWLQXRXV VDPSOH SDWKV

DQG LQGHSHQGHQW LQFUHPHQWV�

7KH OLQH RI DUJXPHQW ZH DGRSW WR SURYH 7KHRUHP ��� FRQWUDVWV ZLWK WKDW RI :RROGULGJH DQG

:KLWH ������ DQG 'DYLGVRQ ������� 7KH\ REWDLQ WKH )&/7 E\ D GLUHFW SURRI WKDW JHQHUDWHV WKH

FHQWUDO OLPLW WKHRUHP DV D FRUROODU\� ZKHUHDV ZH VWDUW ZLWK WKH ¿QLWH GLPHQVLRQDO GLVWULEXWLRQV�

8QGHU $VVXPSWLRQ ��

Ef?E1��c � � � c f?E1&��
_

�$ EfE1��c � � � c fE1&�� �����

IRU DQ\ ¿QLWH FROOHFWLRQ RI FRRUGLQDWHV 1�c � � � c 1& 5 dfc �o� ZKHUH WKH OLPLW GLVWULEXWLRQV DUH D�V�

FRQWLQXRXV DQG *DXVVLDQ� 7KLV IROORZV IURP 7KHRUHP � RI 'H -RQJ ������ DQG WKH &UDPpU�

:ROG 7KHRUHP �'DYLGVRQ ����� 7KHRUHP ������ $FFRUGLQJ WR 7KHRUHPV ���� DQG ���� RI

%LOOLQJVOH\ ������� f?
_
$ fc ZKHUH f LV FRQWLQXRXV ZLWK SUREDELOLW\ �� LI ����� KROGV DQG f?

LV VWRFKDVWLFDOO\ HTXLFRQWLQXRXV� 7KLV LV WKH SURSHUW\ WKDW IRU DOO 0 : f�
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7KHUHIRUH� WR FRPSOHWH WKH SURRI LW VXI¿FHV WR VKRZ WKDW ����� KROGV IRU WKH SDUWLDO VXP SURFHVV�

DQG WKDW WKH LQFUHPHQWV DUH LQGHSHQGHQW LQ WKH OLPLW� 7KHVH DUJXPHQWV DUH VHW RXW LQ $SSHQGL[

%�

,I #E1� ' 1 WKHQ f LV %URZQLDQ PRWLRQ� 0RUH JHQHUDOO\� f EHORQJV WR DQ H[WHQVLRQ RI WKH

FODVV RI WUDQVIRUPHG %URZQLDQ PRWLRQ SURFHVVHV �# GH¿QHG LQ 'DYLGVRQ ������ &KDSWHU �����

#E1� PXVW EH QRQGHFUHDVLQJ HYHU\ZKHUH RQ dfc �oc EXW XQGHU WKH SUHVHQW JHQHUDOLVDWLRQ LW QHHG

QRW EH VWULFWO\ LQFUHDVLQJ HYHU\ZKHUH� DQG LQFUHPHQWV RI WKH SURFHVV PD\ HTXDO � DOPRVW VXUHO\�

7KH GHSHQGHQFH DQG KHWHURJHQHLW\ FRQGLWLRQV RI 7KHRUHP ��� UHOD[ WKRVH HPSOR\HG E\

:RROGULGJH DQG :KLWH ������� DQG 'DYLGVRQ ������� ZKRVH FRQGLWLRQV DUH VLPLODU� 7KHVH ODWWHU

WKHRUHPV GR QRW SHUPLW D VL]H ��*2 RI WKH 1(' FRHI¿FLHQWV� EXW HPSOR\ D WUDGH�RII FRQGL�

WLRQ� 7KH UDWH DW ZKLFK 4@ �$|$? S?| LV UHTXLUHG WR DSSURDFK ]HUR LV GLFWDWHG E\ WKLV WUDGH�RII

FRQGLWLRQ� DQG DOVR WKH FRQGLWLRQ

t�T
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S2?|*B 	 4 �����

LV LPSRVHG� ZKLFK LV REYLRXVO\ VWURQJHU WKDQ ������ )RU H[DPSOH� FRQVLGHU g?E1� ' d?1o DQG
S?| ' |3q?q3�*2 IRU q 5 Efc �*2�� DSSURSULDWH WR WKH FDVH f?| ' |3q?q3�*2�| ZKHUH �| LV L�L�G�

7 6XPPDWLRQV RYHU DQ HPSW\ LQGH[ VHW DUH GH¿QHG DV ]HUR KHUH�

�



ZLWK ¿QLWH YDULDQFH� 7KHQ�

*�4 t�T
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S2?|*B � �EE1 n B��32q � 1�32q�*Bc �����

IRU � : f� DQG FOHDUO\ WKH FRQGLWLRQ IURP HTXDWLRQ ����� GRHV QRW KROG� ZKLOH WKH FRQGLWLRQ

IURP HTXDWLRQ ����� GRHV KROG�

3ODXVLEOH H[DPSOHV LQ ZKLFK FRQGLWLRQ ����� IDLOV WR KROG DUH QRW HDV\ WR FRQVWUXFW� EXW FRQ�

VLGHU WKH FDVH S2?| ' |�*e?3�*�UE| � ?e*�D�� 1RWH WKDW 4@ �$|$? S?| ' JE��c DQG WKDW

*�4 t�T
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2QH FDQ FOHDUO\ ¿QG D VHTXHQFH K? VXFK WKDW $VVXPSWLRQ ��G� KROGV KHUH� +RZHYHU�
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7KH OLPLW RI D SURFHVV ZKRVH LQFUHPHQWV KDYH YDULDQFHV HYROYLQJ OLNH S2?| LQ WKLV H[DPSOH KDV D

GLVFRQWLQXLW\ DW WKH RULJLQ� ,Q RWKHU ZRUGV� fEf� ' f D�V�� EXW IRU f 	 1 � �c fE1� ' t @�t��
ZKHUH t LV GLVWULEXWHG DV �Efc e*D��

([WHQGLQJ 7KHRUHP ��� WR WKH PXOWLYDULDWH FDVH LV VWUDLJKWIRUZDUG� DQG ZH KDYH WKH IROORZLQJ

FRUROODU\� ZKLFK IROORZV GLUHFWO\ IURP 7KHRUHP ��� DQG 7KHRUHP ����� RI 'DYLGVRQ �������

7KHRUHP ��� /HW f?| EH DQ 6�YHFWRU�YDOXHG DUUD\� DQG DVVXPH WKDW IRU HYHU\ 6�YHFWRU b RI

XQLW OHQJWK WKHUH H[LVWV DQ DUUD\ S?| VXFK WKDW WKH FRQGLWLRQV RI 7KHRUHP ��� KROG IRU b�f?|c

DOO ZLWK UHVSHFW WR WKH VDPH IXQFWLRQV g?E1�� 7KHQ f?
_
$ f � ZKHUH f LV D 6�GLPHQVLRQDO

*DXVVLDQ SURFHVV KDYLQJ D�V� FRQWLQXRXV VDPSOH SDWKV DQG LQGHSHQGHQW LQFUHPHQWV�

,PSOLFLW LQ WKH DVVXPSWLRQV RI 7KHRUHP ��� LV WKH H[LVWHQFH RI D PDWUL[ RI FRYDULDQFH IXQFWLRQV�

VD\ #E1� E6�6�� KDYLQJ WKH SURSHUW\ WKDW b�#E1�b LV D SRVLWLYH QRQGHFUHDVLQJ IXQFWLRQ RQ dfc �o
IRU DOO b RI XQLW OHQJWK� )RU H[DPSOH� VXFK D FDVH LV JLYHQ E\ #E1� ' 1ql IRU D SRVLWLYH GH¿QLWH

PDWUL[ l DQG q : f� +DYLQJ WKH YDULDQFHV WUHQG DW GLIIHUHQW UDWHV LV DOVR FOHDUO\ SRVVLEOH�

DOWKRXJK LW LV GLI¿FXOW WR VWDWH D VLPSOH FRQGLWLRQ RQ # FRYHULQJ DOO WKH SRVVLEOH FDVHV� $SDUW

IURP WKLV UHTXLUHPHQW� WKHUH VKRXOG EH QR GLI¿FXOW\ LQ PHHWLQJ WKH FRQGLWLRQV RI 7KHRUHP ���

SURYLGHG 7KHRUHP ��� KROGV IRU HDFK HOHPHQW RI WKH YHFWRU� 7KXV� &RUROODU\ � RI 'H -RQJ ������

VKRZV WKDW DQ\ FRQVWDQW DUUD\ RI WKH IRUP S?| ' |q?3�*23� IRU q � �c ZLWK QR UHVWULFWLRQ RQ

VLJQV� ZLOO VDWLVI\ $VVXPSWLRQ ��G�� &OHDUO\� LQ WKLV FDVH� $VVXPSWLRQV ��E� DQG ��F� DUH VDWLV¿HG
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FRQVWUXFW DQ DSSUR[LPDWLRQ WR WKH LQWHJUDO� /HWWLQJ C? GHQRWH WKH FRXQWHUSDUW RI C? IRU WKHVH

YDULDEOHV� WKH MRLQW GLVWULEXWLRQ RI EL?c` ?c C? � \L`
? � LV WKH VDPH DV WKDW VSHFL¿HG LQ ������

7R SURYH WKH WKHRUHP LW LV VXI¿FLHQW WR VKRZ

C? � \L`
?

R
$

] �

f

L_`c �����

VLQFH WKH MRLQW FRQYHUJHQFH IROORZV DV D FDVH RI 7KHRUHP ����� RI 'DYLGVRQ ������ LQ ZKLFK

C? � \L`
? LV PDSSHG LQWR DQ �D�V� FRQVWDQW� HOHPHQW RI � dfc �oR^� 0RUHRYHU� FDQ ZH FRQVLGHU

WKH FDVH RI VFDODU L? DQG `? ZLWKRXW ORVV RI JHQHUDOLW\� VLQFH WKH JHQHUDO FDVH WKHQ IROORZV E\

DSSO\LQJ 7KHRUHP ����� RI 'DYLGVRQ �������

7KH FRQYHUJHQFH LQ ����� LV VKRZQ LQ WZR VWHSV� XVLQJ D EORFNLQJ DUJXPHQW� /HW &? �WKH QXP�

EHU RI EORFNV� EH D QRQGHFUHDVLQJ VHTXHQFH VXFK WKDW &? $ 4 DV ? $ 4� DQG *�4?<" &?E�*?n
B2?� ' fc ZKHUH B? LV WKH XQLIRUP GLVWDQFH EHWZHHQ EL?c` ?� DQG ELc` � H[FHSW RQ D VHW RI

DUELWUDULO\ VPDOO SUREDELOLW\� DQG OHW

CW
? '

&?[
�'�

L?E1�3��E`?E1���`?E1�3��� �����

ZKHUH 1� ' �*&?� $OVR� OHWC
?W GHQRWH WKH FRXQWHUSDUW RICW

? IRU EL
?c` ?�� 7KH ¿UVW VWHS� EDVHG

RQ &KDQ DQG :HL ������� LV WR VKRZ WKDW����C?W �

] �

f

L_`

���� R
$ f� �����

7KLV SURRI FDQ IROORZ WKDW RI 7KHRUHP ����� RI 'DYLGVRQ ������� OLQH IRU OLQH XS WR HTXDWLRQ

�������� ZLWK DSSURSULDWH FKDQJHV RI QRWDWLRQ�

6LQFH WKH GLVWULEXWLRQV RI CW
? DQG C?W DUH WKH VDPH� LW VXI¿FHV IRU WKH VHFRQG VWHS WR VKRZ

WKDW ��C? �CW
? � \L`

?

�� R
$ f� �����

1RWLQJ WKDW

C? �CW
? � \L`

? ' �? ��? �����

ZKHUH

�? '

&?[
�'�

?�3�[
|'?�3�n�

|3?�3�3�[
6'f

EL?c|36`?c|n� �.L?c|36`?c|n�� �����

DQG

�? '
&?[
�'�

?�3�[
|'?�3�

|3�[
6'|3?�3�

.L?c|36`?c|n�c ������

ZKHUH ?� ' d?1� o� IRU � ' �c � � � c &?c WKH SURRI RI ����� LV FRPSOHWHG E\ VKRZLQJ �?
R

�$ f DQG
�? $ f� 7KHVH DUJXPHQWV� ZKLFK DUH IDLUO\ OHQJWK\� DUH JLYHQ LQ $SSHQGL[ &�

�� &RQFOXVLRQ

7KLV SDSHU KDV JLYHQ QHZ ZHDN FRQYHUJHQFH UHVXOWV ZKLFK SODFH WKH DV\PSWRWLFV XQGHUO\LQJ WKH

WKHRU\ RI FRLQWHJUDWLQJ UHJUHVVLRQV RQ YLUWXDOO\ WKH VDPH IRRWLQJ DV VWDQGDUG DV\PSWRWLFV� :H
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SHUPLWWHG LQ WKH XQGHUO\LQJ UDQGRP SURFHVVHV� :H DOVR VKRZ WKDW VWRFKDVWLF LQWHJUDO FRQYHU�
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7KH QRWDWLRQ KHUH DQG LQ WKH UHVW RI WKH SDSHU LV DV LQ 'DYLGVRQ ����������� DQG 'H -RQJ �������

7KH @?| DUH UHIHUUHG WR DV WKH PL[LQJDOH PDJQLWXGH LQGLFHV� DQG f?| LV D FDOOHG D PL[LQJDOH RI
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8QGHU LQWHJUDELOLW\ FRQGLWLRQV� UDQGRP YDULDEOHV WKDW DUH 1(' RQ D PL[LQJ SURFHVV DUH

NQRZQ WR EH PL[LQJDOHV� DQG LQ SDUWLFXODU ZH KDYH WKH IROORZLQJ VWDQGDUG UHVXOW� VHH IRU H[�

DPSOH 'DYLGVRQ ������� &RUROODU\ �����
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5HIHUHQFHV

$QGUHZV� '�:�.� ������ /DZV RI ODUJH QXPEHUV IRU GHSHQGHQW QRQ�LGHQWLFDOO\ GLVWULEXWHG UDQ�

GRP YDULDEOHV� (FRQRPHWULF 7KHRU\ �� ��������

%LOOLQJVOH\� 3� ������ &RQYHUJHQFH RI 3UREDELOLW\ 0HDVXUHV� 1HZ <RUN� :LOH\�

&KDQ� 1�+� DQG &�=� :HL ������ /LPLWLQJ GLVWULEXWLRQV RI OHDVW�VTXDUHV HVWLPDWHV RI XQVWDEOH

DXWRUHJUHVVLYH SURFHVVHV� $QQDOV RI 6WDWLVWLFV ��� ��������

'DYLGVRQ� -� ������ $ FHQWUDO OLPLW WKHRUHP IRU JOREDOO\ QRQVWDWLRQDU\ QHDU�HSRFK GHSHQGHQW

IXQFWLRQV RI PL[LQJ SURFHVVHV� (FRQRPHWULF 7KHRU\ �� ��������

'DYLGVRQ� -� ������ 7KH FHQWUDO OLPLW WKHRUHP IRU JOREDOO\ QRQVWDWLRQDU\ QHDU�HSRFK GHSHQGHQW

IXQFWLRQV RI PL[LQJ SURFHVVHV� WKH DV\PSWRWLFDOO\ GHJHQHUDWH FDVH� (FRQRPHWULF 7KHRU\ �� ����

����

'DYLGVRQ� -� ������ 6WRFKDVWLF /LPLW 7KHRU\� 2[IRUG� 2[IRUG 8QLYHUVLW\ 3UHVV�

'DYLGVRQ� -� DQG 5�0� 'H -RQJ ������ 6WURQJ ODZV RI ODUJH QXPEHUV IRU GHSHQGHQW KHWHUR�

JHQHRXV SURFHVVHV� D V\QWKHVLV RI QHZ DQG UHFHQW UHVXOWV� (FRQRPHWULF 5HYLHZV ���� ������

������ �

'DYLGVRQ� -� ������ :KHQ LV D WLPH VHULHV ,���" (YDOXDWLQJ WKH PHPRU\ SURSHUWLHV RI QRQOLQHDU

G\QDPLF PRGHOV� :RUNLQJ 3DSHU �UHYLVHG��

*DOODQW� $�5� DQG +� :KLWH ������ $ 8QL¿HG 7KHRU\ RI (VWLPDWLRQ DQG ,QIHUHQFH IRU 1RQOLQHDU

'\QDPLF 0RGHOV� 1HZ <RUN� %DVLO %ODFNZHOO�

+DOO� 3� DQG &� &� +H\GH ������0DUWLQJDOH /LPLW 7KHRU\ DQG LWV $SSOLFDWLRQV� 1HZ <RUN� $FD�

GHPLF 3UHVV�

+DQVHQ� %�(� ������ &RQYHUJHQFH WR VWRFKDVWLF LQWHJUDOV IRU GHSHQGHQW KHWHURJHQHRXV SUR�

FHVVHV� (FRQRPHWULF 7KHRU\ �� ��������

'H -RQJ� 5�0� ������ &HQWUDO OLPLW WKHRUHPV IRU GHSHQGHQW KHWHURJHQHRXV UDQGRP YDULDEOHV�

(FRQRPHWULF 7KHRU\� ��� ��������

-HJDQDWKDQ� 3� ������ 2Q WKH DV\PSWRWLF EHKDYLRU RI OHDVW�VTXDUHV HVWLPDWRUV LQ $5 WLPH VHULHV

PRGHOV ZLWK URRWV QHDU WKH XQLW FLUFOH� (FRQRPHWULF 7KHRU\ �� ��������

-RKDQVHQ� 6� ������ 6WDWLVWLFDO DQDO\VLV RI FRLQWHJUDWHG YHFWRUV� -RXUQDO RI (FRQRPLF '\QDPLFV

DQG &RQWURO ��� ��������

-RKDQVHQ� 6� ������ (VWLPDWLRQ DQG K\SRWKHVLV WHVWLQJ RI FRLQWHJUDWHG YHFWRUV LQ *DXVVLDQ YHF�

WRU DXWRUHJUHVVLYH PRGHOV� (FRQRPHWULFD ��� ����������

.XUW]� 7� *� DQG 3� 3URWWHU ������ :HDN OLPLW WKHRUHPV IRU VWRFKDVWLF LQWHJUDOV DQG VWRFKDVWLF

GLIIHUHQWLDO HTXDWLRQV� $QQDOV RI 3UREDELOLW\ ������ ����������

0F/HLVK� '� /� �����D� $PD[LPDO LQHTXDOLW\ DQG GHSHQGHQW VWURQJ ODZV� $QQDOV RI 3UREDELOLW\

�� ��������

0F/HLVK� '�/� �����E� ,QYDULDQFH SULQFLSOHV IRU GHSHQGHQW YDULDEOHV� =HLWVFKULIW I�U :DKUVFKHLQ�

OLFKVNHLWVWKHRULH XQG 9HUZDQGWH *HELHWH ��� ��������

0F/HLVK� '� /� ������ 2Q WKH LQYDULDQFH SULQFLSOH IRU QRQVWDWLRQDU\ PL[LQJDOHV� $QQDOV RI

3UREDELOLW\ �� ��������

3DUN� -�<� DQG 3�&�%� 3KLOOLSV ������ 6WDWLVWLFDO LQIHUHQFH LQ UHJUHVVLRQV ZLWK LQWHJUDWHG SUR�

FHVVHV� 3DUW �� (FRQRPHWULF 7KHRU\ �� ��������

3DUN� -�<� DQG 3�&�%� 3KLOOLSV ������ 6WDWLVWLFDO LQIHUHQFH LQ UHJUHVVLRQV ZLWK LQWHJUDWHG SUR�

��



FHVVHV� 3DUW �� (FRQRPHWULF 7KHRU\ �� �������

3KLOOLSV� 3�&�%� ������ 8QGHUVWDQGLQJ VSXULRXV UHJUHVVLRQV LQ HFRQRPHWULFV -RXUQDO RI (FRQR�

PHWULFV ��� �������

3KLOOLSV� 3�&�%� ������ 7LPH VHULHV UHJUHVVLRQ ZLWK D XQLW URRW� (FRQRPHWULFD ��� ��������

3KLOOLSV� 3�&�%� �����D� :HDN FRQYHUJHQFH WR WKH VWRFKDVWLF LQWHJUDO
U �

f
�_� �� -RXUQDO RI 0XO�

WLYDULDWH $QDO\VLV ��� ��������

3KLOOLSV� 3�&�%� �����E� :HDN FRQYHUJHQFH RI VDPSOH FRYDULDQFH PDWULFHV WR VWRFKDVWLF LQWH�

JUDOV YLD PDUWLQJDOH DSSUR[LPDWLRQV� (FRQRPHWULF 7KHRU\ �� ��������

3KLOOLSV� 3� &� %� DQG 6� 1� 'XUODXI ������ 0XOWLSOH WLPH VHULHV UHJUHVVLRQ ZLWK LQWHJUDWHG SUR�

FHVVHV 5HYLHZ RI (FRQRPLF 6WXGLHV /,,,� �� ��������

3KLOOLSV� 3� &� %� DQG 9� 6ROR ������ $V\PSWRWLFV IRU OLQHDU SURFHVVHV� $QQDOV RI 6WDWLVWLFV ���

���������

3|WVFKHU� %�0� DQG ,�5� 3UXFKD ������ %DVLF VWUXFWXUH RI WKH DV\PSWRWLF WKHRU\ LQ G\QDPLF

QRQOLQHDU HFRQRPHWULF PRGHOV� SDUW �� FRQVLVWHQF\ DQG DSSUR[LPDWLRQ FRQFHSWV� (FRQRPHWULF

5HYLHZV ��� ��������

6NRURNKRG� $� 9� ������ /LPLW WKHRUHPV IRU VWRFKDVWLF SURFHVVHV� 7KHRU\ RI 3UREDELOLW\ DQG LWV

$SSOLFDWLRQV �� ��������

6WUDVVHU� +� ������ 0DUWLQJDOH GLIIHUHQFH DUUD\V DQG VWRFKDVWLF LQWHJUDOV� 3UREDELOLW\ 7KHRU\

DQG 5HODWHG )LHOGV ��� ������

:RROGULGJH� -�0� DQG +� :KLWH ������ 6RPH LQYDULDQFH SULQFLSOHV DQG FHQWUDO OLPLW WKHRUHPV

IRU GHSHQGHQW KHWHURJHQHRXV SURFHVVHV� (FRQRPHWULF 7KHRU\ �� ��������

��


