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Abstract

Strict equilibrium sets generalize the concept of strict equilibrium points

to sets. They coincide with the evolutionary stable sets in asymmetric

games. In this paper we study strict equilibrium sets of repeated games.

For finitely repeated common interest games we show: There is a fixed

upper bound on the number of inefficient outcomes that can occur along

the outcome paths induced by strict equilibrium sets of the repeated game.

This bound depends only on the stage game and is independent of the

number of repetitions. But we also show that common interest games are
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generically the only games with the property that a strict equilibrium set

exists in arbitrarily long finite repetitions.

Similar results are obtained for infinitely repeated games with discounted

payoffs when the discount factor is close to unity.
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1. Introduction

Even when a game has a unique Pareto-efficient payoff vector there are good

reasons not to believe that an efficient outcome will be reached when the game is

played only once. Games with a unique Pareto-efficient payoff vector are called

common interest games in the literature when in addition this payoff vector strictly

Pareto-dominates all other payoff vectors of the game. In this paper we consider

the case where a common interest game is repeated. We provide a straightforward,

purely non-cooperative argument indicating that in the repeated game an efficient

outcome should be reached “most of the time”. Our argument is based on a

notion of strictness or evolutionary stability applied to the repeated game. The

same argument, however, is not applicable when a game is repeated which involves

some distributive conflict even in the mildest possible form, i.e., when the game

has several non-comparable Pareto-efficient payoff vectors, which do not even have

to be equilibrium outcomes. In the latter case the solution concept we use leads

to non-existence of a solution when the stage game is repeated sufficiently often.

Thus an “almost-efficiency” result and an asymptotic non-existence result appear

as two sides of the same coin. Our result provides a formal argument for the

intuition that the reasons for playing a Pareto-efficient outcome in a common

interest game are very particular and do not easily carry over to other games.

We obtain our results both for finitely repeated games and for infinitely re-

peated games with discounted payoffs. For most part of the paper and for most

of the introduction we will concentrate on the case of finitely repeated games.

The preceding statements will now be discussed in some more detail.

For a common interest game all strategy combinations leading to the Pareto-

efficient payoff vector are trivially Nash-equilibria and to that extend self-

enforcing. But there are good reasons not to believe that such equilibria will

be reached when the game is played only once with no possibility of preplay com-

munication. Let us briefly consider two examples from the literature to illustrate

this point: The first example in Figure 1.1 is due to Schelling [38]. His game has

four pure Nash equilibria yielding the payoffs (10, 10) and one pure Nash equilib-
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rium yielding the payoffs (9, 9). Schelling argued that (9, 9), although inefficient,

is a focal outcome to this game. If a player assumes that his opponent tries to

achieve a (10, 10)-outcome he cannot deduce which strategy his opponent might

be using. Chances of obtaining a (0, 0)-outcome would be quite high. There is

however only a single way to obtain the (9, 9)-outcome which is hence easy to

coordinate on. A player might hence conclude that it is more reasonable for both

players to try to obtain the (9, 9)-outcome. If a player expects his opponent to

reason similarly he would play in accordance with the (9, 9)-outcome.1

s1 s2 s3 s4 s5

t1 10 10 0 0 0 0 0 0 0 0

t2 0 0 10 10 0 0 0 0 0 0

t3 0 0 0 0 9 9 0 0 0 0

t4 0 0 0 0 0 0 10 10 0 0

t5 0 0 0 0 0 0 0 0 10 10

Figure 1.1: An example due to Schelling

The second example (Figure 1.2) is due to Aumann [3]. Aumann argues that

a Pareto-efficient Nash equilibrium in a common interest game might not be self-

enforcing even if the players can communicate without costs before the game is

played: In his example (Figure 1.2) it is risky to obtain the efficient outcome.

When playing in accordance with the efficient outcome each player risks to get a

payoff 0, while he has a “safe” strategy that guarantees him 7. The outcome (7, 7)

has been characterized as the risk dominant equilibrium point by Harsanyi and

Selten [21]. Suppose both players initially prefer to use their “safe” strategies.

Then each player has an incentive to convince his opponent to use the “cooper-

1Schelling explicitely requires that the game is not presented in a form such that, e.g., “Top-

Left” might be focal.
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ative” strategy, although he might intend to stick to the “safe” strategy himself.

His payoff can only increase from 7 to 8 if his opponent trusts him. Mutual dis-

trust might render the communication worthless and the Pareto-efficient Nash

equilibrium might not be a self-enforcing proposal.

L R

T 9 9 0 8

B 8 0 7 7

Figure 1.2: An example due to Aumann

So far I have deliberately ignored the Nash equilibria in mixed strategies in both

examples. The restriction to Nash equilibria in pure strategies seems natural

in the examples since they are all strict equilibrium points. This means that

each player has a strict incentive to follow the equilibrium if he believes that his

opponents do the same, i.e., his payoff would be strictly less if he alone would

not play his equilibrium strategy. A Nash equilibrium where some player uses a

proper mixed strategy can never have this property. This has been named the

“instability problem of mixed strategy equilibrium points” by Harsanyi and Selten

[21].

In this paper we use an extension of the notion of strict equilibrium points

which we call strict equilibrium sets and apply it to repeated games. We have to

work with the extended notion because even a repeated game with only two peri-

ods cannot have a strict equilibrium point: As is well known, a strict equilibrium

point is always a pure-strategy Nash equilibrium. If a strict equilibrium point

would exist for the repeated game then some history of the repeated game would

not be reached when the equilibrium is played. Each player would be indifferent

with respect to all his choices after an unreached history. Therefore his best reply

against the strict equilibrium point would not be unique.

5



A strict equilibrium set is defined as a set of Nash equilibria with the following

strictness property: If a player deviates from a Nash equilibrium in the set by using

an alternative best reply then this can only lead to another Nash equilibrium in

the set.

Apart from this normative interpretation strict equilibrium sets also play a role

in evolutionary game theory : Thomas [43] proposed for symmetric games a set-

valued extension of Maynard-Smith and Price’s [30] notion of an evolutionarily

stable strategy called evolutionary stable set. Roughly speaking, a set of strate-

gies is evolutionarily stable if the following holds for all monomorphic population

where all members play the same strategy in the evolutionary stable set: 1) Mu-

tants playing a different strategy cannot spread in the population after they enter

the monomorphic population in a small proportion. 2) Mutants playing a strat-

egy not in the set will be driven out. The relation of strict equilibrium sets to

evolutionarily stable sets is two-fold and arises in games that are not symmetric:

A) Consider a two-player game and interpret it as a conflict between two dif-

ferent populations. Suppose all members of the same population play the same

strategy. Suppose the resulting strategy combination belongs to a strict equilib-

rium set and is hence a Nash equilibrium. Assume now that a small mutation

occurs in the first population. The mutants can then not spread in the first popu-

lation because their fitness cannot be larger than the strategy used by the original

members of the population. Moreover, if the mutants are not driven out they must

play a best reply. In the latter case the pair consisting of the mutant strategy and

the strategy played by the second population is again in the strict equilibrium set.

In Balkenborg and Schlag [7] we consider what happens if there are mutants in

both populations and show that indeed strict equilibrium sets are the right way to

translate the concept of evolutionarily stable sets to asymmetric conflicts between

different populations.

B) Any asymmetric, say, two-player game can be symmetrized by adding a

chance move at the beginning of the game: If for instance Ann and Bob want to

play chess, they can toss a coin to decide who is going to move the white and who is

going to move the black figures. Chess with the chance move added is a symmetric
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game, chess itself isn’t. The pure strategies in the symmetrized game are identical

with the pairs of pure strategies in the asymmetric game. The evolutionarily

stable sets of the symmetrized game coincide with the strict equilibrium sets of

the asymmetric game. This is shown in Balkenborg [6], where we obtain such a

result for all truly asymmetric contests. Thereby we extend a result due to Selten

[41].

To emphasize the intimate relation between strict equilibrium sets and evolu-

tionarily stable sets, the term “evolutionary stability” appears in the title of this

paper.

Strict equilibrium sets are also relevant for learning- and stochastic evolution-

ary models: We call an outcome path of a game in extensive form strict, if the set

of strategy combinations inducing it forms a strict equilibrium set (see Subsection

3.1 below). Nöldeke and Samuelson [32] study the finite stochastic evolutionary

models as introduced by Kandori, Mailath and Rob [25] and Young [48] in perfect

information games. They show that if such a game has a strict outcome path,

then this outcome path must be in the limiting distribution of the stochastic

evolutionary process for all sufficiently large population sizes.

We return now to the discussion of strict equilibrium sets in repeated games.

There are many arguments in favor of the risk dominant equilibrium in Au-

mann’s example if the game is only played once between two players (see for

instance Kandori, Mailath and Rob [25] and Young [48]). The situation changes

if the game is repeated. Our results point out a simple but important difference

between playing always the risk dominant outcome and playing always the Pareto-

efficient outcome in the repeated game. Only playing always the Pareto-efficient

outcome survives our strictness criterium, provided the stage game is repeated

sufficiently often.

The choices made in a repeated game may serve as a communication device

to signal intentions and expectations about future behavior. Let me first give an

intuitive argument why therefore Aumann’s and Schelling’s arguments no longer

apply when the games in the above examples are repeated. Suppose one would

have to play the game in Figure 1.1, say, 200 times against the same opponent in an
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experiment. Then one could for instance play repeatedly the same strategy corre-

sponding to one of the Pareto-efficient equilibria. There are good chances that the

opponent would quickly understand one’s intensions and also coordinate on this

equilibrium. Compared to immediate coordination on the inefficient equilibrium

there might be losses due to coordination failures in the initial rounds. These,

however, would be more than covered by the additional payoff units obtained in

the later rounds.

When playing the game in Figure 1.2 for 200 rounds one could consistently

play the “cooperative strategy”. By risking some losses in the early periods one

could try to prove to the opponent that mistrust is inappropriate.

Also our formal argument will be based on the trade-off between short-run

losses that may occur in early periods and potential future gains. Because of this

trade-off we do not obtain efficiency for every period of the repeated play, but

only for “most” periods. How many periods with inefficient outcomes may occur

along a path induced by a strict equilibrium set depends on the exact payoffs of

the stage game. This number would be bounded by 10 in Schelling’s example and

by 4 in Aumann’s example.

The core of our formal argument is actually very simple: We will see that any

pure outcome path of a repeated game that is induced by a strict equilibrium

set must be induced by a Nash equilibrium of the following type: The opponents

react to any deviation of a player from the equilibrium path by “rewarding” the

deviation as much as possible, i.e., in all periods following the deviation the op-

ponents play such that it is feasible for the player to obtain his maximal feasible

payoff from the stage game. All that can prevent then a rational player from

deviating from this equilibrium are the costs of a single deviation. If the horizon

is sufficiently long the potential future gains will always outweighed this costs.

Therefore it has to be true that the player gets his maximal feasible payoff in

most periods along the equilibrium path, where the few exceptions are due to the

costs of a single deviation. Since the conclusion must hold simultaneously for all

players there are only two possibilities: Either the number of repetitions is not

very large or a game with a unique Pareto-efficient payoff vector is repeated and
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the equilibrium path yields an efficient outcome in “most periods”.

Besides efficiency in “most” periods the argument just sketched implies non-

existence of a strict equilibrium set for sufficiently long repetitions of a stage game

that does not have a unique Pareto-efficient payoff vector. It does not entail an

existence argument in the opposite case. Let me call games with a unique Pareto-

efficient payoff vector weak common interest games to distinguish from Aumann

and Sorin’s [4] notion of a common interest game where in addition the Pareto-

efficient payoff vector must strictly Pareto-dominate all other payoff vectors. For

arbitrarily long repeated common interest games we will show existence directly by

checking that the set of all strategy combinations which yield the Pareto-efficient

payoff vector in every period form a strict equilibrium set.

The notions of a weak common interest game and of a common interest game

coincide for stage games which are generic in the sense that each player receives

a different payoff in every combination of (pure) actions. Generically we have

therefore existence of strict equilibrium sets in the long run, i.e., for arbitrarily

long repetitions, if and only if the stage game is a common interest game.

To describe the borderline between existence and non-existence in the long run

also for non-generic stage games we introduce to further variants of weak common

interest games: We call a weak common interest game a local common interest

game if it has a strict equilibrium point which yields the Pareto-efficient payoff

vector. We use the term “local” to emphasize that a condition is imposed on only

one of the possibly many combinations of actions which yield the Pareto-efficient

payoff vector. For a repeated local common interest game we will show that the

outcome path where the strict equilibrium point is played in every period is a

strict outcome path as defined above.

Suppose the stage game is a weak, but not a local common interest game. Then

for every combination of actions that yields the Pareto-efficient payoff vector some

player is indifferent between his action in the combination and some other action.

This indifference provides a possibility for cheap talk in the repeated game. It can

be used by the players to coordinate in later periods on any combination of actions

which yields the Pareto-efficient payoff vector. The consequence for sufficiently
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Figure 1.3: A Venn-diagram to illustrate the relations between weak common

interest games (WCIG), local common interest games (LCIG), global common

interest games (GCIG) and common interest games (CIG).

long repeated games will be that every strict equilibrium set will induce many

outcome paths and that every combination of actions yielding the Pareto-efficient

payoff vector is played along some of these paths. To ensure existence in the long

run we need a condition on all these combinations of actions.

This condition turns out to be that the set of players can be divided into two

groups such that the first condition below is satisfied for one of these groups and

the second condition below for the other group. For every player in group 1 we

must have:

1) Every combination of actions which yields the maximal feasible payoff for this

player also yields the maximal feasible payoff to all other players and hence yields

the Pareto-efficient payoff vector.

For every player in group 2 we must have:

2) The player has a unique best reply against every combination of actions that

yields the Pareto-efficient payoff vector.

When we can divide the set of players as described, we call the stage game

a global common interest game. If the group of players for which condition 1) is
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satisfied can be chosen as the set of all players then the game is a common interest

game as defined by Aumann and Sorin. If the group of players for which condition

2) is satisfied can be chosen as the set of all players, then the Pareto-efficient

payoff vector can only be achieved in strict equilibrium points. The set-theoretic

relations between the various classes of weak common interest games are indicated

in Figure 1.3.

We obtain existence of strict equilibrium sets in the long run if and only the

stage game is a local or a global common interest game.

In an infinitely repeated game with discount factor close to unity we obtain exis-

tence of a strict equilibrium set if and only if the stage game is a local or a global

common interest game. Independently of how we choose the discount factor it can

happen that an inefficient outcome is observed infinitely often along an outcome

path induced by a strict equilibrium set. However, the inefficiencies can only occur

“rarely” in the following sense: For a given number T of periods and a discount

factor chosen sufficiently high the number of inefficient outcomes within any T

consecutive periods has an upper bound which depends only on the stage game.

We can roughly divide the literature to which our results are related by the fol-

lowing criteria: First of all there are differences in the type of solution concept

used. Some papers use solution concepts motivated by evolutionary stability, oth-

ers not. Some deal primarily with the repeated Prisoner’s dilemma (for which

we obtain non-existence) and some with repeated common interest games (for

which we have “almost efficiency”). Finally, instead of considering the repeated

game one can also consider other games based on a stage game where for instance

pre-play communication or commitment possibilities are modelled.

1) A first group of papers studies repeated games using solution concepts not

immediately related to evolutionary stability:

Our approach in this paper has been motivated by Osborne’s [34] and van

Damme’s [44] study of pure outcome paths in repeated games that are consistent

with forward induction. Our approach selects for the class of repeated 2×2-games

with common interest studied by Osborne the same outcome paths as Osborne
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found by using forward induction arguments (see Section 4 below). That strict

outcome paths are consistent with forward induction is not surprising (see Remark

1). That only these outcome paths are consistent with forward induction is due to

the restriction to pure outcome paths and to repeated 2×2-games. Without these

restrictions “very inefficient” outcome paths consistent with forward induction

can be found.

Aumann and Sorin [4] and Anderlini and Sabourian [2] provide different non-

cooperative arguments that yield almost-efficiency results in repeated common

interest games. Their solution concepts use the theory of automatons or, respec-

tively, that of Turing machines. Both approaches use less demanding solution

concepts than we use here, but they also yield weaker “almost-efficiency” results

than we do. We conjecture that the class of games for which their solution con-

cepts yield existence in the long run is also restricted to common interest games.

Aumann and Sorin observe that their approach yields non-existence for the re-

peated Prisoner’s Dilemma and the repeated Battle of the Sexes.

Greenberg and Monderer (private communication) applied the theory of social

situations to the repeated 2× 2-games discussed in Osborne [34]. Their approach

selects only the outcome paths where in all but possibly the first period the efficient

outcome is obtained. The approach used here selects in the examples those paths

where in all but possibly one (not necessarily the first) period the efficient outcome

is obtained. Their approach selects the non-cooperative path in the repeated

prisoner’s dilemma, where we obtain non-existence.

2) Concerning evolutionary stability, both Axelrod [5] and Maynard Smith

[29] conjectured that there exist evolutionary stable strategies in the repeated

Prisoner’s Dilemma. A number of authors (Farrel and Ware [17], Boyd and Lor-

berbaum [16], Kim [26]) pointed out that this is not true. The results given here

imply some of these non-existence results.

There do exist evolutionary approaches that yield existence and justify cooper-

ation in the repeated Prisoner’s Dilemma. Here we must distinguish two groups:

Boyd [15] and Robson [37] obtain existence of evolutionary stable strategies in

perturbed versions of the repeated Prisoner’s Dilemma, where “trembling hand”
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errors occur uncorrelated over time. In the perturbed game every history occurs

with positive probability. This has the consequence that the strategy “never co-

operate” defines a symmetric strict equilibrium point and is hence an evolutionary

stable strategy in the perturbed game. Kim [26] extends these results to obtain

a folk-theorem for Selten’s limit evolutionary stable strategies in the infinitely re-

peated Prisoner’s Dilemma. Since trembles are assumed to be uncorrelated the

induced equilibria do not have to be–in contrast to our approach–consistent

with forward induction.

The other group (e.g., Binmore and Samuelson [11], Sudgen [42], Fudenberg

and Maskin [18], Probst [35], Schlag [40]) restricts the player’s strategy space to

finite automata. The complexity of an automaton used enters directly or indirectly

(via the solution concept) into the payoff function. In contrast we work here with

the “original” payoff function. The set-valued solution concept used by Probst

[35] is close to the solution concept used here.

3) Finally there is a group of literature that singles out the efficient outcome as

the solution when a common interest game is not embedded in a repeated game,

but in a different game. Several papers (Anderlini [1], Bhaskar [10], Blume [12],

[13], Blume, Kim and Sobel [14], Kim and Sobel [27], Matsui [31], Nöldeke and

Samuelson [33], Schlag [39], Wärneryd [47]) consider games preceded by costless

pre-play communication (cheap talk). Amongst these, Schlag’s paper [39] is closest

to our approach. Schlag shows in particular that strict equilibrium sets exist for

games with cheap talk if and only if the underlying game without cheap talk is a

common interest game.

Hurkens [22] considers games preceded by the possibility to send costly sig-

nals. His approach is based on Ben-Porath and Dekel’s [9] and van Damme’s [44]

“burning money” examples. van Damme and Hurkens [46] consider a model where

the players can commit themselves to a strategy before the game is played. The

results of the papers suggest that also for these types of models solution concepts

close to strict equilibrium sets justify efficiency in common interest games while

it is difficult to obtain existence if the basic game is not of common interest and

if–in Hurkens’ model–all players can send costly messages.
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The paper is organized as follows: In Section 2 we introduce the notations and

terminology to discuss finitely repeated games. In Section 3 we define strict equi-

librium sets and study some basic properties. The special case of strict outcome

paths is discussed in Subsection 3.1. In Section 4 we illustrate our main results by

means of two examples taken from Osborne [34] and van Damme [45]. In Section

5 our main results for finitely repeated games are stated and proved. In Section

6 we state our result for infinitely repeated games with discounted payoffs and

indicate the proof.

2. Finitely Repeated Games

In the terminology and the notations used to discuss finitely repeated games I

follow to a large extend Fudenberg and Tirole [19] and Aumann and Sorin [4].

Only the use of the phrases “a strategy combination induces an outcome path”

and “a strategy is consistent with an outcome path” may not be standard.

The normal form game that is repeated will be called the stage game. In

general a normal form game Γ for the set of players N = {1, · · · , n} consists of

a finite set of pure strategies Si and a payoff function ui : S →IR for each player

i ∈ N . Hereby S :=
∏
i∈N Si denotes the set of pure strategy combinations. A

mixed strategy of a player is a probability measure on his set of pure strategies.

Σi denotes the simplex of mixed strategies for player i ∈ N and Σ :=
∏
i∈N Σi the

set of mixed strategy combinations. The pure strategies are regarded as particular

mixed strategies. The payoff function of a player extends multilinearly to an

expected payoff function ui : Σ →IR. For a strategy combination σ ∈ Σ and a

strategy τi of player i σ\τi denote the strategy combination ρ with ρj = σj for

j 	= i and ρi = τi.

We will often view finitely repeated games as particular normal from games.

It is therefore helpful to use somewhat different notations and terminology for the

stage game. To distinguish, the strategies in the stage game will called actions

and the set of actions of player i ∈ N will be denoted by Ai with typical element

ai. To avoid trivialities we will assume throughout that each player has at least
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two actions. A :=
∏
i∈N Ai denotes the set of pure combinations of actions for the

players. A combination of actions a ∈ A will also be called an outcome of the

stage game. The payoff functions for the stage game are denoted by gi : A →IR

(i ∈ N) (g stands for period gains).

The finitely repeated game where the stage game Γ is repeated T times is denoted

by ΓT .

A history of the repeated game ΓT of length t − 1 (1 < t ≤ T ) describes

what players could have observed before taking their actions in period t. It is a

sequence ht−1 = (a1, · · · , at−1) of length t− 1 consisting of outcomes in the stage

game. The set of all histories of length t − 1 is denoted by H t−1. We assume

that players have observed nothing (or the same) before the start of the game and

therefore define H0 := {∅}.

The set of all histories is denoted by H :=
⋃T
t=0H

t−1.

A pure outcome path describes a possible result of playing the repeated

game. It is a sequence hT := (a1, · · · , aT ) of outcomes of length T . HT denotes

the set of all pure outcome paths.

For 0 ≤ t̂ ≤ t ≤ T let ĥt̂ := (â1, · · · , ât̂) be a history and ht := (a1, · · · , at)

be a history or a pure outcome path. Phrases like “ĥt̂ coincides with ht up to

period t̂” or “ht extends ĥt̂” etc. are taken to mean that aτ = âτ for 1 ≤ τ ≤ t̂.

For a pure outcome path hT = (a1, · · · , aT ) we call the action ati the actions

prescribed for player i by the path after the history ht−1 := (a1, · · · , at−1) in

period t.

The payoff function for player i in the repeated game ΓT , ui : H
T →IR,

assigns to each pure outcome path hT := (a1, · · · , aT ) the sum of the payoffs in

each period:

ui(h
T ) :=

T∑

τ=1

gi(a
τ ).

A pure strategy si : H → Ai of player i assigns to every possible history of

the game ΓT an action of the player in the stage game. Denote by Si the set of

strategies of player i in the repeated game ΓT .

The definition of a history and a pure strategy implies that we are considering
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repeated games with perfect monitoring, i.e., after each play of the stage game

players get completely informed about the actions chosen by the opponents in that

play. We do however not assume that the players can observe randomizations by

the opponents.

A pure strategy is called history independent if the player chooses the same

action after each history of the same length. (The choices made in a history

independent strategy may vary with the clock, but they may not depend on the

experience.)

For every combination of strategies s ∈ S the pure outcome path hT in-

duced by s is the result of playing s. It is recursively defined as follows: Let

h1 := (si(∅))i∈N . For 1 ≤ t ≤ T and ht−1 already defined let ht = (a1, · · · , at) be

the continuation of ht−1 where at = (at1, · · · , a
t
n) is defined by ati := si(h

t−1) for

i ∈ N .

If the players play the strategy combination s then their payoffs will be the

ones from the induced outcome path hT :

ui(s) := ui(h
T ).

Now the set of pure strategies Si and the payoff function ui on the set of pure

strategy combinations is well defined for each player i ∈ N in the repeated game

ΓT . We can hence regard ΓT as a special normal form game. In particular the set

of mixed strategies Σi is well defined for each player i ∈ N .

A mixed strategy combination σ ∈ Σ of the repeated game induces a proba-

bility measure over pure outcome paths. We will call a probability measure over

pure outcome paths a mixed outcome path if it is induced by a mixed strategy

combination. We identify a pure outcome path with the probability distribution

that assigns probability one to this path.

A (possibly mixed) strategy is called consistent with a (possibly mixed) out-

come path if it belongs to some strategy combination inducing this path. In

particular a pure strategy is consistent with a pure outcome path if and only if it

assigns after each history on the path the action prescribed by the path. It can

assign arbitrary actions after a history that is not on the path. If all players use a
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strategy consistent with the path the resulting strategy combination will induce

the path.

A mixed strategy combination is compatible with a pure outcome path if the

path realizes with positive probability when the strategy combination is played.

The strategies in the combination are also called compatible with the path.

3. Strict Equilibrium Sets and Paths

In Balkenborg [6] the notion of a strict equilibrium set was introduced. It is defined

for an arbitrary normal form game Γ =
(
(Si)i∈N , (ui)i∈N

)
with the set of players

N = {1, · · ·N} as follows:

Definition 1. A set R ⊆ Σ is a strict equilibrium set (SESet) if for all mixed

strategy combinations σ ∈ R in the set and for any strategy τi ∈ Σi of any player

i ∈ N

ui (σ\τi) ≤ ui (σ) (3.1)

whereby equality in (3.1) implies σ\τi ∈ R.

Suppose σ is a strategy combination in a strict equilibrium set. The strategy

σi of any player i in this combination is then a best reply against σ, i.e., (3.1)

holds for all τi ∈ Σi. By definition σ is hence a Nash equilibrium. If a player has

an alternative best reply τi against σ, then σ\τi is again in the strict equilibrium

set. Thus a strict equilibrium set is a set of Nash equilibria that is closed under

deviations of a player to alternative best replies. I refer to the latter property as

strictness. A Nash equilibrium is called a strict equilibrium point (Harsanyi [20],

Harsanyi and Selten [21]2, van Damme [45]) if the best reply of every player against

it is unique and hence there are no deviations to alternative best replies. This

notion is extended here to a set of strategy combinations, i.e., a strict equilibrium

set consists of a single strategy combination if and only if this strategy combination

is a strict equilibrium point.

2Harsanyi and Selten use the term “strong equilibrium point”.
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The support of a mixed strategy σi ∈ Σi is the set of all pure strategies to which

σi assigns positive probability. For brevity we will also say that a pure strategy

combination (s1, · · · , sn) is in the support of a mixed strategy (σ1, · · · , σn) if si is

in the support of σi for each i ∈ N . A strategy is a best reply against a strategy

combination if and only if all pure strategies in its support are best replies against

the combination. A unique best reply is hence a pure strategy. In particular

a strict equilibrium point is a pure strategy combination. A face of the mixed

strategy space Σi is the set of all strategy combinations with support in a given

set of pure strategies. We call the set of all mixed strategies whose support is

contained in the support of σi the face generated by σi. The Cartesian product of

faces generated by the mixed strategy combination σ is the Cartesian product of

the faces generated by the mixed strategies in that combination. The following

result will be used repeatedly. The simple proof is given in [6].

Proposition 1. Amixed strategy combination is contained in a strict equilibrium

set if and only if the Cartesian product of faces generated by the mixed strategy

combination is contained in the strict equilibrium set. Every strict equilibrium

set contains in particular a pure strategy combination.

We call a strict equilibrium set minimal if it does not contain a proper sub-

set that is also a strict equilibrium set. A set consisting of two distinct strict

equilibrium points is for instance a strict equilibrium set, but not minimal. We

note:

Lemma 2. A strategy combination contained in some strict equilibrium set is

contained in a unique minimal strict equilibrium set.

Proof. Let R be the intersection of all strict equilibrium sets containing the given

strategy combination σ. Suppose σ′ is contained in R and τi is a best reply against

σ′. Then σ′\τi is contained in every strict equilibrium set which contains σ and

hence in R. Thus R is a strict equilibrium set. R is indeed minimal: Otherwise

there would exist a strict equlibrium set ∅ 	= R′ ⊆ R that does not contain σ and

for which R\R′ is not a strict equilibrium set. Hence we could find σ′ ∈ R\R′ and
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a best reply τi against σ
′ such that σ′\τi /∈ R\R′. But then σ′\τi ∈ R′. We obtain

a contradiction since σ′i is a best reply to σ′\τi ∈ R′ and σ′ is not contained in R′.

3.1. Strict Outcome Paths

We turn now to the study of strict equilibrium sets in a finitely repeated game ΓT

with stage game Γ. We use the notations of the previous section. The relation of

a strict equilibrium set to the induced outcome paths is of particular importance.

We note first:

Proposition 3. Suppose an outcome path is induced by a strategy combination

in a strict equilibrium set. Then the strict equilibrium set contains all strategy

combinations inducing this path.

Proof. Let σ be a strategy combination in the SESet inducing the path and let

τi be a strategy of player i consistent with the path. Then σ\τi also induces the

path. Therefore ui (σ\τi) = ui (σ). Thus σ\τi is also in the SESet. The claim

follows by induction on the number of players.

Proposition 4. A pure outcome path induced by a strategy combination in a

strict equilibrium set is a sequence of pure Nash equilibria of the stage game.

Proof. Suppose σ is a strategy combination in an SESet inducing the pure

outcome path hT . The SESet contains all strategy combination inducing this path

by the previous proposition. In particular it contains the strategy combination

s where each player uses his unique pure history-independent strategy consistent

with the path hT =
(
a1, . . . , aT

)
. Let ŝi be a pure strategy of some player i.

Because the opponents of player i use history-independent strategies, the path

induced by s\ŝi is of the form

(
a1\â1i , · · · , a

T\âTi
)

(3.2)
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for appropriate actions âti ∈ Ai (1 ≤ t ≤ T ), regardless of the choice of ŝi.

Therefore ŝi will be a best reply against s if and only if for each period t the action

âti in (3.2) is a best reply against at. Thus each at is a pure Nash equilibrium.

Proposition 3 implies that the “smallest possible” strict equilibrium sets are

those inducing the same outcome path. In this case the resulting outcome path

can be characterized directly:

Definition 2. An outcome path is strict if every mixed strategy of a player

that is a best reply against some mixed strategy combination inducing the path

is consistent with the path.

Proposition 5. An outcome path is strict if and only if the set of strategy com-

binations inducing it is a minimal strict equilibrium set.

Proof. Let σ be a strategy combination inducing a strict outcome path and let

τi be a best reply against σ. Then σ\τi induces the path. Since ui (σ\τi) = ui (σ)

σi is a best reply against σ. For every strategy τi we have therefore ui (σ\τi) ≤

ui (σ) whereby equality implies that σ\τi induces the path. The set of strategy

combinations inducing the path is hence a strict equilibrium set. It is minimal

since by Proposition 3 it cannot contain a smaller strict equilibrium set.

Suppose conversely that all strategies in a minimal SESet induce the same

path. By Proposition 3 all strategy combinations inducing the path are contained

in this SESet. For an arbitrary strategy combination σ inducing the path and a

best reply τi of player i against it σ\τi must belong to the SESet. Hence τi must

be consistent with the path.

Remark 1. If a player deviates from a strict outcome path he will strictly loose

compared to what he gains along the outcome path, regardless of how the other

players react. A deviation from a strict outcome path can hence never serve as

a signal to the other players suggesting that he wants to obtain more. Therefore

a strict outcome path (which can be defined for any game in extensive form) is

trivially consistent with forward induction in the sense discussed in van Damme

[45].
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The following condition yields first necessary conditions for an outcome path

to be strict:

Proposition 6. A strict outcome path is a pure outcome path consisting of a

sequence of strict equilibrium points of the stage game.

Proof. i) Let σ be a strategy combination inducing the strict outcome path

hT . By Propositions 1 and 5 all strategy combinations in the Cartesian product

of faces generated by σ induce the path. Let s be a strategy combination in the

support of σ. s induces the given path. Since a pure strategy combination induces

a pure outcome path, hT is a pure outcome path, i.e., hT is a sequence
(
a1, · · · , aT

)

of outcomes in the stage game.

ii) By Proposition 4 we know already that
(
a1, · · · , aT

)
is a sequence of Nash

equilibria of the stage game. We continue directly the argument in the proof of

this proposition to show that each at is a strict equilibrium point: Let s be the

history-independent strategy combination inducing the path and let ŝi be any

pure best reply against it. Since the outcome path
(
a1, · · · , aT

)
is strict s\ŝi

induces the same outcome path as s. Therefore we have at = at\âti in (3.2) for all

1 ≤ t ≤ T implying that the best reply of a player in the stage game against each

at is unique.

Let me call a stage game Γ generic if every pure Nash equilibrium of the stage

game is a strict equilibrium point. This is indeed a genericity condition since it is

satisfied if gi (a) 	= gi (a
′) for any different combinations of actions a, a′ ∈ A and

any player i ∈ N .

Proposition 7. Suppose the stage game is generic. Then all strategy combina-

tions in a minimal strict equilibrium set induce the same outcome path which is

then a strict outcome path.

Proof. Consider a minimal SESet. By Proposition 1 there exists a pure strategy

combination in the set. I claim that the pure outcome path hT :=
(
a1, · · · , aT

)

induced by this combination is strict: By Proposition 4 this path is a sequence
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of pure Nash equilibria and hence a sequence of strict equilibrium points. Let σ

be a (possibly mixed) strategy combination inducing this path and let ŝibe a best

reply of some player i against it. Let s be a pure strategy combination in the

support of σ. By Proposition 1 s\ŝi belongs to the SESet. Suppose s\ŝi induces a

pure outcome path other than hT . Then there exists a first period t in which this

path differs from hT . All players with the exception of player i use their action of

the combination at in this period after ht−1. Since at is a strict equilibrium point

player i is not using a best reply in the stage game in this period. Therefore the

path induced by s\ŝi is not a sequence of pure Nash equilibria of the stage game,

contradicting Proposition 4. Therefore ŝi must be consistent with the path hT .

It follows that hT is a strict equilibrium path. The minimal SESet is therefore

identical with the set of strategy combinations inducing hT .

4. Illustration

Let me now illustrate the main result with the help of some examples. In the

examples the stage game is generic and hence strict outcome paths are in one-to-

one correspondence with strict equilibrium sets.

The game in Figure 4.1 is a version of the battle of the sexes game. Its strict

equilibrium points are (Top, Left) and (Bottom, Right). What sequences

of these equilibrium points are strict outcome paths of the twice repeated game?

L R

T 3 1 0 0

B 0 0 1 3

Figure 4.1: Battle of the Sexes

L R

T 3 3 0 0

B 0 0 1 1

Figure 4.2: A Common Interest Game

The outcome path ((Top, Left), (Top, Left)) yielding the payoff-stream

((3, 1), (3, 1)) is not strict. To see this consider the following strategy of player
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1 which is consistent with the path: In period 1 player 1 chooses action Top. If

he observed that player 2 has chosen Left in period 1, then he chooses Top in

period 2. Otherwise he chooses Bottom. If the path is realized player 2 gets a

total payoff of 2. If he plays Right in the first period and Right in the second

period his payoff against player 1’s strategy will be 0 + 3 > 2. Therefore a best

reply of player 2 against player 1’s strategy cannot be consistent with the path.

But the outcome path ((Top, Left), (Bottom, Right)) is strict: The total

payoff of each player is 4 along this path. For any pure strategy si of a player not

consistent with the path and any pure strategy sj of the opponent consistent with

the path the strategy combination (s1, s2) will induce a path where in some period

either (Top, Right) or (Bottom, Left) is played and therefore the payoff to

both players cannot exceed 3.

Thus the only strict outcome paths in the two-fold repetition are ((Top,

Left), (Bottom, Right)) and ((Bottom, Right), (Top, Left)). In par-

ticular there is no stationary strict outcome path.

If the stage game is played three or more times strict outcome paths simply

fail to exist: Along any pure outcome path at least one player will not gain the

payoff 3 in at least two periods. Assume for instance that player 2 does not get

the payoff 3 in periods 1 and 3. There is a strategy of player 1 consistent with

the path where player 1 always plays Bottom after player 2 played Right in

the first period. A best reply of player 2 against such a strategy would again not

be consistent with the path.

If one replaces the payoffs 1 in Figure 4.1 by the payoff 3− ǫ with 0 < ǫ < 3,

then the following is easily shown: For each T > 1 one can find some ǫ such that

there exists a strict outcome path in the repeated game ΓT for the modified stage

game. The results below imply however that for any fixed ǫ we will find a T such

that no outcome path of ΓT is strict.

The situation is different for the game with common interests in Figure 4.2. Play-

ing for this game (Top, Left) in every period yields a strict outcome path for

every finite repetition of this stage game. But there are also other strict outcome

paths: Every outcome path is strict where (Bottom, Right) is played in exactly
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one arbitrarily fixed period 1 ≤ t ≤ T while (Top, Left) is played in all other

periods. No other paths are strict. Replacing the payoffs 1 as above by 3−ǫ allows

us to construct examples of strict outcome paths with aritrarily many inefficient

outcomes.

The strict outcome paths in the twice repeated game of Figure 4.1 are shown to

be the unique pure outcome path consistent with forward induction and strategic

stability in van Damme [44]. Osborne applied the never-weakly-best-reply crite-

rion and iterated elimination of weakly dominated strategies to the pure outcome

paths in the repeated game of Figure 4.2 and slight variants of this game. Thereby

he selected exactly the strict outcome paths of these games. He conjectured that

these outcome paths are induced by strategically stable sets, which follows from

the results obtained here. Both authors restrict attention to pure outcome paths

and the restriction to 2 × 2-games is essential. Furthermore there exists mixed

outcome paths satisfying their selection criteria that do not yield approximately

efficient payoffs.

5. Results

We use again the notations from Section 2. For a stage game Γ we denote by

ḡi := max{gi(a)|a ∈ A} the maximal feasible payoff player i could achieve in the

stage game and by g
i
:= min{gi(a)|a ∈ A} his minimal feasible payoff. If g

i
= ḡi

we define ti := 0. If g
i
< ḡi we define ĝi < ḡi to be the second-highest payoff the

player could receive in a (pure) outcome of the stage game and define ti as the

smallest integer t satisfying

ĝi − g
i
< t · (ḡi − ĝi). (5.1)

Consider a pure outcome path of a finite repetition of Γ. Then ĝi − g
i
is an

upper bound on the immediate loss the player could make by unilaterally deviating

from the path in a single period where he does not gain his maximal feasible payoff.

On the other hand ḡi − ĝi is a lower bound on the potential additional gain the

player could hope to obtain after the deviation in all future periods where his
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payoff on the path is not already the maximal feasible one.

If the number of periods along the path where the player does not get his max-

imal feasible payoff exceeds ti a deviation from the path might pay for the player

because future gains might outweight an immediate loss due to the deviation. It

follows that for some strategy combination inducing the path a best reply of the

player is not consistent with the path. Hence:

Proposition 1. The numbers ti just defined for each player i ∈ N , which depend

only on the parameters of the stage game Γ, satisfy the following: Consider a strict

equilibrium set of a finite repetition ΓT of the stage game and a pure outcome

path compatible with a strategy combination in this set. Then ti is an upper

bound on the number of outcomes on this path where player i does not get his

maximal feasible payoff of the stage game.

Proof. If g
i
= ḡi the claim is trivially true with ti = 0. Suppose otherwise

that ti is not an upper bound as stated in the proposition. Then we can find a

pure outcome path hT = (a1, · · · , aT ) compatible with a strategy combination σ

in some SESet of a repeated game ΓT where player i does not receive ḡi in t′ > ti

periods. Then some pure strategy combination s = (s1, · · · , sn) in the support of

σ induces this path. By Proposition 1 s is also in the SESet. Fix a combination

of actions ā ∈ A with gi (ā) = ḡi. The following strategy s̄j of a player j 	= i

is also consistent with the path: After any history (a1, · · · , aτ ) which is part of

the outcome path hT player j chooses the action aτ+1j prescribed by the path hT .

After any other history player j chooses his action āj in the combination ā. If

we replace in the strategy combination s the strategy of each player j 	= i by the

new strategy s̄j we obtain a new strategy combination s̄ which also induces the

outcome path hT . By Proposition 3 s̄ is also in the SESet.

Along the path hT player i gets in t′ periods at most ĝi and in the other periods

ḡi. If he “deviates” from the path by choosing an action ãti 	= ati in the first period

t where he does not receive his maximal feasible payoff he might loose at most

ĝi−g
i
in the period of deviation.3 If he plays in all later periods his action āi from

3He can deviate to another action since we assume that he has at least two actions.
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the combination ā he will obtain in all later periods his maximal feasible payoff

if each opponent plays s̄j. Compared to the path hT he can gain at least ḡi − ĝi

in (t′ − 1) periods and looses at most ĝi − g
i
in one period. Since (t′ − 1) ≥ ti, si

cannot be a best reply against s̄ contradicting our earlier conclusion that s̄ is in

the SESet.

We define

M := {a ∈ A | gi (a) = ḡ for all i ∈ N} .

M is the set of outcomes where all players simultaneously receive their maximal

feasible payoff in the stage game.

Definition 3. The stage game Γ is a weak common interest game if M is

not empty.

If M 	= ∅ then the stage game has a unique Pareto efficient payoff vector.

The definition applies of course to any normal form game and in particular to a

repeated game. If the stage game is a weak common interest game then also every

finite repetition of it is a weak common interest game.

Define t (Γ) := t1 + . . .+ tn where the ti are defined as above.

Proposition 2. For every stage game the number t (Γ) satisfies the following:

Take any strict equilibrium set of a finite repetition ΓT of a stage game Γ and

any outcome path consistent with a strategy combination in this set. Then there

are at most t (Γ) periods where an outcome not in M is played along this path.

Therefore, if a strict equilibrium set exists for a finite repetition of the stage game

with more than t (Γ) periods then the stage game is a weak common interest game.

Proof. Consider a pure outcome path hT induced by some strategy combination

in an SESet of a finite repetition ΓT . By the previous proposition it is then

impossible that in more than t (Γ) periods one of the players does not gain his

maximal feasible payoff from the stage game. In at least min {T − t (Γ) , 0} periods

an outcome inM must therefore be obtained.
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Next we introduce a first class of games for which a strict equilibrium set exists

for every finite repetition. The games in this class are weak common interest games

satisfying an extra condition that relates only to a single outcome in M.

Definition 4. The stage game Γ is a local common interest game ifM con-

tains a strict equilibrium point.

Proposition 3. A strict outcome path exists for arbitrarily long, and then for

all, finite repetitions of a given stage game if and only if the stage game is a local

common interest game.

Proof. Suppose a strict outcome path exists for a finite repetition of length

greater then the bound given in the previous proposition. Along such an outcome

path an outcome a ∈ M is reached in at least one period. By Proposition 5 the

path is a sequence of strict equilibrium points. Hence a is a strict equilibrium

point and therefore the stage game is with local common interest.

Suppose conversely that the stage game is a local common interest game.

Choose a strict equilibrium point a ∈M. Then the outcome path hT := (a, ..., a)

of the finite repetition ΓT is strict: Consider a strategy combination σ inducing

this path. Against this strategy combination player i can get ḡi in every period

in a best reply and hence the maximal feasible payoff of the repeated game. Any

pure strategy of player i not consistent with the path, when evaluated against any

pure strategy combination in the support of σ, will lead to a path h′T that differs

from hT . In the first period where the two paths differ the opponents will still

choose their actions from the combination a while player i will choose an action

a′i different from his action ai in a. Since a is a strict equilibrium point player

i will not get his maximal feasible payoff from the stage game in this period.

Hence he cannot get his maximal feasible payoff from the repeated game along

the alternative path. In a best reply against σ the player will therefore mix only

between pure strategies consistent with the path.

Because of Proposition 7 this establishes our main result 6 for generic stage

games.
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Further work is needed for stage games that are not generic: The next

class of stage games for which we obtain existence of strict equilibrium sets

in every finite repetition is a class of weak common interest games satisfying

a property that relates to all outcomes in M. Define for each player i ∈ N

Mi = {a ∈ A | gi (a) = ĝi} as the set of outcomes of the stage game where player

i gets his maximal feasible payoff.

Definition 5. The game Γ is a global common interest game if M is not

empty and one of the following two conditions is satisfied for every player i ∈ N :

1. Mi =M.

2. Player i has a unique best reply against each combination of actions a ∈M

The common interest games introduced by Aumann and Sorin form a subclass

of the class of global common interest games:

Definition 6. (Aumann and Sorin [4]) The game Γ is a common interest

game ifMi =M for every player i ∈ N.

In a common interest game the Pareto-efficient payoff vector (ḡi)i∈N strictly

Pareto-dominates every payoff vector (gi (a))i∈N with a /∈M.

Example 1. In the game in Figure 5.1 non of the conditions 1 or 2 above is

satisfied for player 1. The game is a weak common interest game (CIG) that is

neither a local nor a global common interest game. In Figure 5.2 we added the

strategies C and M . This game is a local, but not a global common interest game.

In the game of Figure 5.3 condition 1 but not condition 2 is satisfied for player

1 while the opposite is true for player 2. The game is a global common interest

game, but not a common interest game. Since it has no strict equilibrium point

the game is also not a local common interest game. If we duplicate the strategy

L of player 2 as in Figure 5.4 by adding the strategy C condition 2 is no longer

satisfied for player 2. The resulting game is neither a local nor a global common
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L R

T 1 1 -1 -1

B 1 0 -1 -1

Figure 5.1: A weak CIG

L M R

T 1 1 0 0 -1 -1

C 0 0 1 1 0 0

B 1 0 0 0 -1 -1

Figure 5.2: A local CIG

L R

T 1 1 0 0

C 1 1 0 0

B 0 0 0 1

Figure 5.3: A global CIG

L M R

T 1 1 1 1 0 0

C 1 1 1 1 0 0

B 0 0 0 0 0 1

Figure 5.4: A weak CIG

interest game.

To indicate why there are no strict equilibrium sets in sufficiently long repetitions

of the games in Figures 5.1 and 5.4 let us show the following in both cases: A

pure strategy combination (s1, s2) that induces the path where in every period the

Pareto-efficient outcome (T, L) is played cannot belong to a SESet. The general

argument for non-existence in the long run is given in Proposition 5. In both case

we can choose (s1, s2) history-independent. In the first case this means that player

2 never punishes by using his action R when player 1 uses his “nasty” action B.

A best reply s′1 of player 1 can then be chosen as follows: Player 1 chooses his

“nasty” action in the first period and continues to do so as long as player 2 never

uses his “punishing” action R. Once he observes player 2 choosing R, he uses the

“cooperative” action T in the future. If (s1, s2) would belong to a SESet (s′1, s2)

would also belong to it and would in particular be a Nash equilibrium. But if the

repeated game has at least three periods player 2 must use R in the first period

29



in every best reply against s′1.

In a repeated game based on Figure 5.4 the following strategy s′1 would be a best

reply of player 1 against s2: Player 1 uses T in the first period and as long as

player 2 always used L in the past, but he switches to B in all future periods

once he observed player 2 choosing M . But now the following strategy s′2 would

be a best reply against s′1: Player 2 chooses M in the first period. He continues

to choose M provided he observed player 1 choosing C at least once in the past.

Otherwise he chooses R. In the outcome path induced by (s′1, s
′

2) the inefficient

outcome (B,R) is played in all but the first period. (s′1, s
′

2) and hence (s1, s2)

cannot belong to a SESet if there are at least two periods because player 1 can

still obtain his maximal feasible payoff in all periods in a best reply against s′2.

Proposition 4. Suppose the stage game Γ is a global common interest game.

Then a strict equilibrium set exists for every finite repetition of this stage game.

Proof. We claim that the set

MT := {σ ∈ Σ | ui(σ) = T · ḡi for all i ∈ N}

is an SESet of the repeated game ΓT : Let σ ∈MT and let s′i be any pure best reply

of player i against σ. Because T · ḡi is the maximal payoff player i can obtain along

any pure outcome path of the repeated game s′i must yield this payoff against any

pure strategy combination s in the support of σ.

Let hT =
(
a1, · · · , aT

)
be the pure outcome path induced by the strategy

combination s. The path consists of combinations of actions inM.

Suppose the first condition in Definition 5 is satisfied for player i. It follows

that s\s′i also induces the path hT : If not, let t be the first period where the path

induced by s\s′i differs from hT . Along this alternative path all players j 	= i will

use in period t the action atj while player i uses an action a′i 	= ati. Since player

i’s best reply in the stage game against at is unique it follows that he does not

receive his maximal feasible payoff ḡi in this period and therefore

ui (s\s
′

i) < T · ḡi = ui (s)
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contradicting the assumption that s′i is a best reply against s. Hence s\s′i must

induce hT and consequently s ∈MT .

Now suppose the second condition in Definition 5 is satisfied for player i. Since

s′i is a best reply against s and the path induced by s yields in each period for

player i the maximal feasible payoff in the stage game, the path induced by s\s′i
must also yield the payoff ḡi for player i in each period. By the second condition

this alternative path is a sequence of outcomes in M.

Therefore it follows in both cases that the mixed outcome path induced by σ\s′i
has only pure outcome paths in its support that are sequences of outcomes inM.

Hence σ\s′i ∈ M
T which implies σ\σ′i ∈ M

T for all (possibly mixed) best replies

σ′i against σ.

We do not have to distinguish further classes of common interest games:

Proposition 5. Suppose the stage game Γ is a weak common interest game but

neither a local nor a global common interest game. Then no strict equilibrium

set exists for any finite repetition of the stage game with more than 2 · t (Γ) + 3

periods.

Proof. Since the stage game is not a global common interest game both conditions

in Definition 5 are violated for at least one player, say for player 1. Let ā ∈ M

be a combination of actions where player 1 has an alternative best reply ā′1 	= ā1

against ā and let b be a combination of actions with g1(b) = ḡ1 and, say, g2(b) < ḡ2.

Assume a strict equilibrium set exists in a finite repetition of the stage game

with T ≥ 2 · t (Γ)+3 periods. Let s be a pure strategy combination in the set and

denote by hT =
(
a1, · · · , aT

)
the path induced by s. By Proposition 1 aτ ∈M in

at least T − t (Γ) ≥ t (Γ) + 3 periods τ . Let t be the first of this periods. Since Γ

is not a local common interest game some player i must have an alternative best

reply âti 	= ati in the stage game against at. We construct alternative best reply

s̄j for each player j 	= i against s as follows: After any history which extends

(a1, · · · , at−1, at\âti) (i.e., where player i “deviated” with the action ât1 in period t)

player j takes his action āj from the combination of actions defined above. After
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any other history he takes the same action as with sj . If we replace for each player

j his strategy in s by s̄j we obtain a new strategy combination s′ which induces the

same path as s and which is by Proposition 3 again in the SESet. A best reply s̄i

of player i against s′ can be chosen as follows: Player i takes in s̄i the same actions

after all histories as in si except for the following: After the history (a1, · · · , at−1)

he takes the action âti. After any history which extends (a1, · · · , at−1, at\âti) he

plays āi. s̄ := s
′

\s̄i must again belong to the SESet and has the property that in

at least t (Γ) + 2 periods ā is played along the induced path h̄T .

The following strategy s̃i is for a player i 	= 1 a best reply against s̄: After

any history that extends (a1, · · · , at−1, at\âti, ā\ā
′

1) he takes the action bi (i.e., after

he observed that player 1 deviated from the path induced by s̄ in period t + 1

by taking his alternative best reply against ā). Otherwise he takes the action

determined by s̄i. The strategy combination s′′ where we replace for all players

i 	= 1 his strategy in s̄ by s̃i induces again the path h̄T and hence belongs to the

SESet.

Finally we consider the following best reply s̃i of player 1 against s′′. After

the history (a1, · · · , at−1, at\âti) he takes action ā′1, after any history extending

(a1, · · · , at−1, at\âti, ā\ā
′

1) he takes action b1 and after any other history he takes

the action determined by s̄. s̃ := s′′\s̃i must again be in the strict equilibrium

set. However, s̃ induces an outcome path which yields from period t+2 on — and

hence in at least t (Γ) + 1 > t2 periods — the outcome b where player 2 does not

get his maximal feasible payoff. This contradicts Proposition 1.

Suppose the repeated game ΓT has a strict equilibrium set. Then

UT
i := inf{ui(σ) | σ belongs to some SESet of ΓT}

is well defined. We summarize our findings in

Theorem 6. Suppose a stage game that is neither a local nor a global common

interest game. Then strict equilibrium sets can exist only in finite repetitions of

this stage game whose length is bounded. Otherwise a strict equilibrium set exists
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for every finite repetition of the stage game and

lim
T→∞

1

T
UT
i = ḡi

for each player i ∈ N , i.e., the average payoff vectors received from strategy

combinations in strict equilibrium sets of the repeated games converge to the

Pareto-efficient payoff vector of the stage game as the time horizon converges to

infinity.

Proof. Suppose σ is in some SESet of a finite repetition ΓT of the stage game

with T ≥ ti, with ti as defined for player i ∈ N in the beginning of the section.

For every pure strategy combination s contained in the Cartesian product of faces

generated by σ we have by Proposition 1: ui (s) ≥ (T − ti) · ḡi + ti · gi. Therefore

ui (σ) ≥ (T − ti) · ḡi + ti · gi and hence, if a strict equilibrium set exists for every

T ,

ḡi ≥
1

T
UT
i ≥

T − ti
T

· ḡi +
ti
T
· g
i
−→
T→∞

ḡi .

The remaining statements follow from the results above.

Remark 2. Our results show that strict equilibrium sets exist in repeated games

only under very limited conditions. Several authors proposed concepts that are

like strict equilibrium sets closed under best replies, but which are in contrast

not necessarily sets of Nash equilibria. Examples are the primitive formations

introduced by Harsanyi and Selten [21] (when applied to normal form games as

simultaneous-move extensive form games), the curb sets discussed by Basu and

Weibull [8] and the sets closed under pure better replies studied in Ritzberger and

Weibull [36]. These concepts have the advantage that they exist for every game,

but they can yield “big” sets and may hence predict very little. To indicate how

“big” they are for repeated games, fix a stage game and a number of repetitions

T with T > ti for every player i with the ti defined as in the beginning of this

section. Then every solution according to one of these concepts must contain for

every player i a pure strategy combination s inducing an outcome path where the

player gets his maximal feasible payoff ḡi in at least T − ti periods:
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The solution has the property that for every strategy combination σ it contains

and for every best reply σ̄i of a player i against σ the strategy combination σ\σ̄i is

also contained in the solution. Starting with any σ in the solution and replacing

iteratively the strategy of each player by a pure best reply we find a pure strategy

combination ŝ in the solution. Let ā be a combination of action in the stage

game which yields the maximal feasible payoff to, say, player n. Replace player

1’s strategy in ŝ by a best reply s1 with the property that player 1 chooses his

action ā1 from the combination ā after all histories except those induced by ŝ\s1.

Replace player 2’s strategy by a similar best reply against ŝ\s1 and proceed in

this fashion for the players 3, . . . , n. The resulting strategy combination s has the

property that every player i < n chooses the action āi after any history which is

not consistent with player 1 using the strategy ŝi. An argument as in the proof of

proposition shows that player n must get his maximal feasible payoff in at least

T − tn periods.

6. Infinitely Repeated Games with Discounted Payoffs

The results on strict equilibrium sets in finitely repeated games carry over with

minor adaptations to the case of infinitely repeated games with discounted payoffs

(see, for instance, Aumann and Sorin [4] for precise definitions). A player may

never have an incentive to deviate from a strict equilibrium set, regardless of

whether his deviation would be punished or rewarded by the opponents. The sharp

distinction which occurs for the set of Nash equilibrium payoffs in the finitely and

the infinitely repeated Prisoner’s Dilemma has therefore no equivalent in the case

of strict equilibrium sets.

To illustrate the necessary adaptations let us reconsider the examples in Sec-

tion 4. In the infinite repetition of the battle-of-the-sexes game in Figure 4.1 the

outcome path where (Top,Left) is played in every period is a strict outcome

path if the discount factor δ is less than 1/4 because a deviation in a single pe-

riod, say in period 1, yields a certain loss of 1 in that period while the gain from

all future periods is at most 3δ
1−δ

< 1. Existence of a strict outcome path in the
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repeated battle of the sexes game can only be ruled out for large discount factors.

Regardless of the discount factor, the inefficient outcome can occur infinitely

often along a strict outcome path of the infinite repetition of the common interest

game in Figure 4.2. It might for instance be played in every 10,000th period if

the discount factor is not extremely close to 1 because the periods where the loss

from a deviation might be “paid back” are too far in the future. However, the

normalized payoff

uδi (h
∞) :=

1

1− δ

∞∑

τ=0

δτgi (a
τ )

along the path will be close to 3. Our main result for infinitely repeated games is

hence be formulated as follows:

Theorem 1. Strict equilibrium sets exist for every infinite repetition of a given

stage game with any discount factor 0 < δ < 1 if and only if the stage game is

a local or global common interest game. If the latter is the case then a strict

equilibrium set exists in the infinitely repeated game for every discount factor

0 < δ < 1. Moreover there is for each ε > 0 some 0 < δ0 < 1 with the following

property: The normalized payoff of each player in an infinitely repeated game

with discount factor δ0 < δ < 1 is at most ε below his maximal feasible payoff in

the stage game for every strategy combination belonging to a strict equilibrium

set.

The previous proofs have to be modified as follows: We note first that Proposition

1 applies whenever the strategy space is compact and the payoff function continuous.

In an infinitely repeated game we endow as usual the pure strategy sets and the set

of pure outcome paths with the product topology, which makes them into compact

topological spaces with continuous payoff functions. (Both sets are countable Cartesian

products of the finite sets Ai or A respectively, on which we take the discrete topology.)

Mixed strategies or mixed outcome paths are then the Borel probability measures. All

arguments in Section 3 work with these definitions. Let the numbers ti be defined as in

the beginning of Section 5. For every fixed time horizon T > ti we choose 0 < δ0 < 1
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such that

ĝi − gi <




T∑

τ=T−ti+1

(δ0)
τ


× (gi − ĝi)

for every player i. When the discount factor in the infinitely repeated game is at least

δ0, the argument in the proof of Proposition 1 yields: Along any pure outcome path

compatible with a strict equilibrium set player i does not get his maximal feasible payoff

in more than ti out of any T consecutive periods. All results and proofs in Section 5

can be adapted in this manner.
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