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Uncertainty

BEE2017 Microeconomics

Contingent consumption

1. What consumption or wealth will you get in 
each possible outcome of some random 
event?

2. Example: rain or shine, car is wrecked or not, 
etc.

3. Consumer cares about pattern of contingent 
consumption: U(c1, c2).

4. Market allows you to trade patterns of 
contingent consumption — insurance market, 
stock market. 

5. Insurance premium is like a relative price for 
the different kinds of consumption.

6. Can use standard apparatus to analyze choice 
of contingent consumption.
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Utility functions

1. preferences over the consumption in 
different events depend on the 
probabilities with which the events will 
occur.

2. So u(c1, c2, p1, p2) will be the general 
form of the utility function.

3. Under certain plausible assumptions, 
utility can be written as being linear in the 
probabilities, p1u(c1) + p2u(c2). That is, 
the utility of a pattern of consumption is 
just the expected utility over the possible 
outcomes.

Subjective probability

• Von Neumann / Morgenstern:

– “Roulette lotteries”: known probabilities (risk)

• Savage / Ramsey / de Finetti

– “Horse Races”: unknown probabilities (if any) 
(uncertainty)

• Savage: Rational individuals behave as if
they would maximize expected utility given 
subjective utilities and beliefs

• Aumann / Asncombe: allow for both

Lotteries 1

• Suppose there 3 prizes  A, B and  C to be 

won by the consumer with A<B<C

• Let 0=u(A)<u(B)<u(C)=1 be the utilities of 

the consumer.

• A lottery is described by probabilities p, q, 

r with which the prices A, B, C can be won.

• p=1-q-r since the probabilities must add up 

to 1.
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Lotteries 2

• All possible lotteries over the prices can be 

described by the pairs (q, r) in the q-r-

plane.

• Restriction to a triangle: q, r ≥ 0, q+r ≤1.
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Lotteries 3

• Linear expected utility from a lottery:

• U(q,r)=(1-q-r)u(A)+qu(B)+ru(C)=qu(B)+r

• Indifference curve: qu(B)+r=constant

• r=c – u(B)q
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Lotteries 4

• Expected utility implies linear and parallel 

indifference curves over lotteries.

• Conversely “Consequentialism” + 

“Substitution Axiom” + “Continuity Axiom” 

imply that indifference curves are parallel 

lines.

Consequentialism
• The consumer identifies compound lotteries, 

where the prizes are themselves lotteries, with 

simple lotteries which give identical prizes with 

identical total probability.
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On the left is a compound lottery which give with probability p a lottery which gives “a” 

with probability q and “b” with probability 1-q. With probability 1-p the consumer gains 

the lottery which gives c with probability r and  d with probability 1-r. 

Lotteries 5

• Continuity (simplified): If a<b<c then there 

exists a probability p such that the 

consumer is indifferent between prize b 

and the lottery which gives him prize c with 

probability p and prize a with probability 

1-p.

Lotteries 6 
• Substitution Axiom (simplified): Consumer 

is indifferent between  B and lottery which 

gives C with prob. u(B) and A with prob. 

1-u(B). He should hence be indifferent 

between a lottery (p,q,r) and 

(p+(1-u(B))q, 0, u(B)q+r).).

• Plausible for lotteries, but not for 

consumption.

• Von Neumann / Morgenstern utility theory 

vs classical preference theory
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Risk aversion

Now: infinitely many money-prizes 

1. shape of utility function over money 

describes attitudes towards risk. draw 

utility of wealth and expected utility of 

gamble. Note that a person prefers a 

sure thing to expected value. 

Expected utility over money

• Monetary prizes x<y, p=prob(x)

• Expected monetary value of lottery:

– EL=(1-p)x+py=x+p(y-x)

– p=(EL-x)/(y-x) 

• Expected utility of lottery

– Eu(L)=(1-p)u(x)+pu(y)

=u(x)+p(u(y)-u(x))=u(x)+(u(y)-u(x))(EL-x)/(y-x)

• Thus Eu(L) is linear in EL

Riskaverse � concave utility fn.
Definition: A lottery is any event with an uncertain 
outcome.

Examples: Investment, Roulette, Football Game.

Definition: A probability of an outcome (of a lottery) is 
the likelihood that this outcome occurs.  

Example: The probability often is estimated by the 
historical frequency of the outcome.

Definition: The probability distribution of the lottery depicts 
all possible payoffs in the lottery and their associated probabilities.

Property:

•The probability of any particular 
outcome is between 0 and 1

•The sum of the probabilities of all
possible outcomes equals 1.

Definition: Probabilities that reflect subjective beliefs about risky 
events are called subjective probabilities.

Example: A Probability
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Example: A Probability

Probability

Payoff

.80
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$25                  $100

67% chance of losing

33% chance of winning

Definition: The expected monetary value of a lottery is a 
measure of the average amount of money that the lottery will 
generate.

EV = Pr(A)xA + Pr(B)xB + Pr(C)xC

Where: Pr(.) is the probability of (.)
A,B, and C are the payoffs if 

outcome A, B or C occurs.

In our example lottery, which pays $25 with 
probability .67 and $100 with probability 0.33, the 
expected value is:

EV = .67 x $25 + .33 x 100 = $50.  

Notice that the expected value need not be one of 
the outcomes of the lottery.  

Definition: The variance of a lottery is the average 
deviation between the possible outcomes of the lottery and 
the expected monetary value of the lottery.  It is a measure 
of the lottery's riskiness.

Var = (A - EV)2(Pr(A)) + (B - EV)2(Pr(B)) 
+ (C - EV)2(Pr(C))

Definition: The standard deviation of a 
lottery is the square root of the variance.  It 
is an alternative measure of risk.

For our example lottery, the squared deviation of 
winning is:

The squared deviation of losing is:

The variance is:

($100 - $50)2 = 502 = 2500.

($25 - $50)2 = 252 = 625.

(2500 x .33)+ (625 x .67) = 1250

Example: Work for IBM or Amazon.Com?

Suppose that individuals facing risky alternatives attempt to 
maximize expected utility, i.e., the probability-weighted average 
of the utility from each possible outcome they face.

U(IBM) = U($54,000) = 230

U(Amazon) = 

.5xU($4,000) + .5xU($104,000) =     

.5(60) + .5(320) = 190
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Note:

EV(Amazon) = .5($4000)+.5($104,000) = 
$54,000

Example: Evaluating Risky Outcomes

Income (000 $ per year)

Utility

4 104

Utility function

U(104) = 320

0

Example: Evaluating Risky Outcomes

Income (1000 $ per year)

Utility

U(54) = 230

U(4) = 60

.5u(4) + .5U(104)

= 190

4 54 104

Utility function

U(104) = 320

0

Definition: The risk preferences of individuals can be classified 
as follows:

An individual who prefers a sure thing to a lottery with 
the same expected value is risk averse

An individual who is indifferent about a sure thing or a 
lottery with the same expected value is risk neutral

An individual who prefers a lottery to a sure thing that 
equals the expected value of the lottery is risk loving 
(or risk preferring)

Example:

Suppose that an individual must decide between buying one of 
two stocks: the stock of an Internet firm and the stock of a 
Public Utility.  The values that the shares of the stock may take 
(and, hence, the income from the stock, I) and the associated 
probability of the stock taking each value are:

Internet firm                Public Utility

I     Probability       I        Probability
$80         .3            $80            .1      
$100       .4            $100           .8
$120       .3            $120           .1

Example of mean-preserving spread! 

Which stock should the individual buy if she has utility function 
U = (100I)1/2?  Which stock should she buy if she has utility 
function U = I?

EU(Internet) = .3U(80) + .4U(100) + .3U(120)  

EU(P.U.) = .1U(80) + .8U(100) + .1U(120)  

a.  U = (100I)1/2:

U(80) = (8000)1/2 =  89.40
U(100) = (10000)1/2 = 100
U(120) = (12000)1/2 = 109.5
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� EU(Internet) = .3(89.40)+.4(100)+.3(109.50) = 
99.70

���� EU(P.U.) =

.1(89.40) + .8(100) + .1(109.50) = 99.9

The individual should purchase the public utility stock.

b.  U = I:

� EU(Internet) = .3(80)+.4(100)+.3(120)=100

� EU(P.U.)

.1(80) + .8(100) + .3(120) = 100

This individual is indifferent between the two 
stocks.

Example: Utility Function of a Risk Averse Decision 
Maker

Utility

Income

Utility function

0

U(100)

U(25)

$25

U(50)

$50                       $100

Example: Utility Function of a Risk Averse Decision 
Maker

Utility

Income

Utility function

$1000

U(100)

U(25)

$25

U(50)

•AEU

$50

Example: Utility Function of a 
Risk Averse Decision Maker

Utility

Income

Utility function

0
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∆∆∆∆I ∆∆∆∆I

Example: Utility Function of a 
Risk Averse Decision Maker

Utility
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Utility function

0

∆∆∆∆U1

∆∆∆∆I ∆∆∆∆I
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Example: Utility Functions of a Risk Neutral and 
a Risk Loving Decision Maker

Utility

Income

Utility Function

0

Utility

Income

Utility Function

Risk Neutral Preferences Risk Loving Preferences
1.  Insurance

Example: The Risk Premium

Income (000 $ per year)

Utility

U(54) = 230

U(4) = 60

.5u(4) + .5U(104)

= 190

4 54 104

Utility function

U(104) = 320

0

17000

37

Risk premium = horizontal distance $17000

D

E
• •

Definition: The risk premium of a lottery is the necessary 
difference between the expected value of a lottery and the 
sure thing so that the decision maker is indifferent between 
the lottery and the sure thing.

pU(I1) + (1-p)U(I2) = U(pI1 + (1-p)I2 - RP)

NB:  We can see from the graph that 
the larger the variance of the lottery, 
the larger the risk premium

Example:  Computing a Risk Premium

U = I1/2; p = .5

I1 = $104,000
I2 = $4,000

.5(104,000)1/2 + .5(4,000)1/2 = (.5(104,000) + .5(4,000) - RP)1/2

$192.87 = ($54,000 - RP)1/2

$37,198 = $54,000 - RP

RP = $16,802

a. Verify that the risk premium for this 
lottery is approximately $17,000
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b.  Let I1 = $108,000 and I2 = $0.  What is the 
risk premium now?

.5(108,000)1/2 + 0 = (.5(108,000) + 
0 - RP)1/2

.5(108,000)1/2 = (54,000 - RP)1/2

RP = $27,000

(Risk premium rises when variance rises, EV the same…)

• Risk averse consumer, utility u(m) over 
money, risk averse: u’>0, u’’<0

• Has W if no accident occurs, W-D if 
accident occurs. p probability of accident.

• Insurer willing to insure at zero expected 
profit. Insurance contract: Pay premium P 
to get compensation C in case of accident: 

• profit (1-p)P – p(C-P) = 0 or P=pC

• Actuarially “fair” insurance contract

• Consumer maximizes 

– EU(C)=(1-p) u(W-P) + pu(W-D+C-P) 

=(1-p) u(W-pC) + pu(W-D+(1-p)C) 

• First order condition (use chain rule)

0=U’(C)=

-(1-p)pu’(M-pC) + p(1-p)u’(M-D+(1-p)C)

• We obtain for the decreasing function u’

u’(M-pC/(1-p))=u’(M-D+C) and hence

M-pC=M-D+C-pC; 

• M-pC=M-D+C-pC

• 0=D-C

• D=C, P=pD

• At “fair” insurance the consumer chooses 

to buy full insurance. The premium he 

pays is the expected costs. This is efficient 

when the insurer is risk neutral.

• Risk averse consumer, utility u(m) over money, 
risk averse: u’>0, u’’<0

• Has W if no accident occurs, W-D if accident 
occurs. p probability of accident.

• Insurer willing to insure at zero expected profit. 
Insurance contract: Pay premium P to get 
compensation C in case of accident: 

• profit (1-p)P – p(C-P) = 0 or P=pC

• Actuarially “fair” insurance contract 

• All as before but…

• The probability p of an accident is 
determined by costly care of the 
consumer.

• Care is not observable (Arrow: hidden 
action problem)

• Let C(p) be the cost of exerting effort to 
keep the probability of an accident at p.

• C’>0, C’’>0, C’(p)=0

• For instance, C(p)=1/(1-p2)
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• Given in P, C, consumer will choose p 

such that expected utility is maximized.

• Expected utility:

(1-p) u(W-P) + pu(W-D+C-P) – C(p)

• FOC:

-u(W-P) + u(W-D+C-P) = C’(p)>0

• Thus full insurance implies zero effort and 

cannot be optimal!

• Optimal insurance contract for the 

consumer:

• Maximizes the consumers’ utility with 

respect to the 

– participation constraint of the firm, her profits 

must be non-negative, here: pP≥C

– Incentive constraint of the consumer, here: 

above FOC must hold.

• Arrow: Hidden information

• Different consumers have different inert accident 
probabilities, for instance high and low risk

• Known to themselves, but not to insurer

• Full insurance typically too expensive for low 
risks

• An option contract lets the consumer choose 
between different amounts of coverage at 
different premiums.

• For instance (PH,CH), (PL,CL) 

• An ex-ante optimal contract will maximize the 

ex-ante utility of a consumer before he learns his 

type (high or low) subject to

• Participation constraint of the firm

• Incentive constraints: No type prefers the 

contract designed for the other type. In short:

• EuH(PH,CH)≥EuH(PL,CL)

• EuL(PL,CL)≥EuL(PH,CH)

• Problem: signalling

• Typical result: 

• Low type fully insured

• High type partially insured such that low 

type is indifferent between full insurance at 

high premium and partial insurance at low 

premium.

• Results are hardly ever first-best

• Incomplete information generates 

inefficiencies (Akerlof: “lemon market”)

Role of the stock market

• 1. aids in risk diversification and in risk 

sharing.

• 2. just as entrepreneur can rearrange his 

consumption patterns through time by 

going public, he can also rearrange his 

consumption across states of nature.


