BEE1024 — Mathematics for Economists | Juliette Stephenson

Week 7 Department of Economics

Linear Algebra I University of Exeter
Relevance:

— simultaneous systems of equations
— econometrics



Vectors and Matrices

Definition 1 An m X 1-COLUMN VECTOR 1S a column of m
numbers

L1

= X
r = 2

LIm
surrounded by square brackets. We will denote such vectors by a,
b, ¥, y etc. Unless otherunse specified, the term ‘“vector” refers
to a column vector.

Definition 2 A 1 X n-ROW VECTOR 1$ a row of n numbers

Y1 Y2 Yn ]

surrounded by square brackets.



Definition 3 A m X n-MATRIX s is a block of numbers with m
rows and n columns

ailp ai2 -+ Qin

CL CL o o o a[
a=|om om o

 Am1 Qm2 - Gmn _

enclosed in square brackets. We denote matrices by capital letters
like A, B, X, Y, etc. Forindices1 <i<mandl < j<n
the notation a;;, b;;, etc., refers to the entry in the i-th row and
the j-th column of the matriz. A matrix with an equal number of
columns and rows 1s called a SQUARE MATRIX.



Example 1
1221

1s a 1 X 4-row vector,

12 21°
35829
0001

is a 3 X 4-matrix (3 rows, 4 columns).



Example 2 For a linear simultaneous system of equations like

br + 3y + 4z = 12
x+2y+z2z =13
3r 46y + 92 = 2

one can form the matrices and vectors

(534 x ) 12
A=1721 r= |y b= |13
1369 z 2

One calls A the matrix of coeflicients, x the vector of unknowns
and b the vector of constants or the right-hand-side vector.



Example 3 two students with same A-level grades, one from a
public- and one from a state school.

Who has better chances to obtain a good university degree?
Economists at Warwick:econometric analysis; data on

— university degree,

— school degree,

— type of school,

— other characteristics like male/female etc.

matrix:

— one row for each student

— one columns for each characteristic

estimated a linear relation

Yy = B1x1 + Boxo + ... + Bpn



Basic matrix operations

A + B: Two matrices A and B of the same kind (i.e., with
the same number of columns and rows) can be ADDED or SUB-
TRACTED by adding or subtracting the corresponding entries.
For instance,

1221 [2401] [-1-220°
35829 —(52738|=|-231-11
0001 |2201] |-2-200

aA: Any matrix A can be MULTIPLIED BY A SCALAR (i.e.,
a number) « by multiplying each entry of the matrix with the
scalar. For instance,

03 4 - 7
&8  [534
1—7 — = 721 .
3%12 7 369
T 7T i _



Similarly, vectors of the same kind can be added or subtracted
or be multiplied by a scalar.



A’: For every m x n-matrix A one can obtain an n X m-matrix
A’ by turning the rows into columns and the columns into rows.
For instance,

o 911’ 130
35829 = 2287
00 01 220
- o191

The resulting matrix is called the TRANSPOSED of A.
Transposition transforms an m X 1-column vector into a 1 x m-
row vector and vice versa. Obviously, A” = A.



Matrix multiplication

ad hoc? “multiplication” misleading term?

Order of factors not interchangable!

purpose compact form to handle simultaneous linear systems of
equations

product of an 1 X k-row vector @ with a k& X 1-column vector b:

a'b = [CLl CLQ---CLk] =a1b1 +agbo + ...+ arb;

Corresponding entries are multiplied and then one forms the sum.
meaningful because both vectors have the same numbers of en-
tries. Otherwise no product is defined. The result of the “multi-
plication” 1s a number or a 1 X l-matrix.
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For instance

1234] =1X54+2%x4+3x(=3)+4x2=12

A linear equation
a1r] +agrg + - +aprE =0

can now be written as
-] —
ar=>b

11



Provided the matrix A has as many columns as the ma-
trix B has rows then one can multiply each row of A with
each column of B as above.
obtain a new matrix C' = AB is called the PRODUCT of the two
matrices and written C' = AB.

More explicitly:
A is a m X k-matrix.
B is a k x n matrix. (m X k) «~ (k X n)
A consists of m 1 X k row vectors Ei,;. Each of the n columns of
the k& X n-matrix
B consists of n k£ X 1-column vectors I;j (1<7<n).
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can form m X n products c?; J
ab @by -
b by -

azbl CLZbQ e

7 By by -
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Example 4

o] [130
oqs |25
: 622

((1-14+0-24+3-6) (1-34+0-5+3-2)(1-0+0-1+3-2)
1 (2-14+1-245-6) (2:34+1-5+5-2) (2-0+1-14+5-2)
19 9 6
13421 11]
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2 X 2-matrices

ot

1.(A+B)+CfAj_L(B+C) _ _
(3] [1e))+lon) =[5 T+ lot) =[5 2
BRI G ) B i ey B

2. neutral element for addition: A +0 =0+ A = A for any

matrix A.
00
o= {00
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3. Additive inverse: unique matrix B with A+ B =B+ A =0.

—a —b
B=-A= [—c —d]

4. addition “commutes”:A+ B = B + A.

5. product AB always defined and again 2 x 2-matrix.
6. A(B+(C)=AB+ AC and (A+ B)C = AC + BC
7. Multiplication by zero gives 0: A0 = 0A = 0.

8. A(BC)=(AB)C

(HIBIGE
(] -
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9. 1is a neutral element for multiplication with numbers: 1 xa =
a X 1 =a. IDENTITY MATRIX

10
2= (1)

(Id2) A
(I1xa)+(0xc) (1xb)+(0xd)
[(Oxa)+(1xc)(0xc)+(1xd)] ]
So (Idg) A = A and similarly A (Idy) = A.

10. numbers: equation ab = ba = 1, solved by b = % it a # 0. Is
there B such that AB = BA = Idy? Not always:

ol [26) =01
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Then

c+ 2d 3c+ 6d 01

not possible: 3a 4+ 606 = 0 implies a + 2b = 0, but cannot have
a+ 20 =1.

When detA = ad — be # 0, inverse exists. It is denoted
by A~1 and is calculated as follows for

i o] = 0]

a b
=10
Set .
A7 = detAad (4)

where the ADJOINT MATRIX 1S
ad (A) = [
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Then
(A—l) A=A (A—l) — 1d,

d—bl||lab da — bc  db— bd
(ad (A)) A = [—c a] [c d]_[—C&+CLC —ch+da|
[ad—bc 0 ]

0 ad — bc
and similarly A (ad (A)) = (ad — bc) Idy .
11. Not true: AB = BA

(02 3 2
a= |3 B={01

— (ad — bo) [é (1)] — (ad — be) Idy = (det A) Id

R 7 9
AB = 15,|, BA=1,,
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For numbers:
(a+b)° = (a+0b)(a+0b) =da®+2ab+ b
for matrices only:

(A+ B)?>=(A+ B)(A+ B) = A>+ AB + BA + B>.

20



Application
We want to solve the linear system of equations

ox + 3y = 2
20+ Ty =4
short-hand: B
Ax =0
where

a5z =) o= [0

det A =35—6=29 0
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Hence

In our case

|

Y

] _
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A7 (AZ) = A7
(A—lA 7= A1
[dy? = A7

7= A1

Fo L (ad AV

x_detAa

73772

3561 -2 5|4
1f14-12] 1
29| —4+20| 929
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econometrics: T' observation (y¢, x+1, T42, - , Ttn)
estimate a linear relation

Y :ﬁliEQ—I—ﬁQZEQ—I—...—O—ﬁnCEn.

T x 1-column vector v/,

n X 1-column vector B

T X n-matrix X.

ordinary least squares estimator

B=(xX'X)"" Xy
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