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1 Objective

We now turn to the main application of di®erentiation in economics: optimization prob-
lems. We ¯rst discuss the important distinction between relative and absolute maxima
and minima. Then we discuss examples of optimization problems and, in particular, eco-
nomic applications. The relevant reading for this handout is Chapter 3, Sections 4 and 5
in Ho®mann and Bradley (2000).

2 Absolute versus relative maxima

In the second handout of week 6 (sign diagrams) we introduced the following terminology
which applies to every di®erentiable function y (x):
a) A turning point is a critical point where the function turns from being increasing to
being decreasing, i.e., where the ¯rst derivative switches sign.
Turning points come in two varieties:

a1) A relative (or a local) maximum (a \peak") is a point where the function turns from
being increasing to being decreasing or vice versa, i.e., where the ¯rst derivative changes
sign from + to ¡.
a2) A relative (or local) minimum (a \trough") is a point where the function turns from
being decreasing to being increasing, i.e., where the ¯rst derivative changes sign from ¡
to +.
A relative maximum or minimum is by de¯nition a critical point, i.e., it satis¯es the

equation y0 (x) = 0. The conditions y0 (x) = 0 for a critical point is often called the ¯rst
order condition.
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Fig. 1: y (x) = ¡3x4 + 28x3 ¡ 84x2 + 96x¡ 32



The function in the above graph has three turning points: two relative maxima at x = 1
and at x = 4 and a relative minimum at x = 2.

Theorem 1 Suppose x0 is a critical point of the twice continuously di®erentiable function
y (x), i.e., y0 (x0) = 0. Then the following statements hold:
i) If y00 (x0) < 0 then x0 is a relative maximum.
ii) If y00 (x0) > 0 then x0 is a relative minimum.
iii) If y00 (x0) = 0 then x0 can be either a relative maximum, a relative minimum or a

saddle point.

Concerning iii) consider the following three functions at the critical point x = 0:

y (x) y0 (x) y0 (0) y00 (x) y00 (0)
x3 3x2 0 6x 0
x4 4x3 0 12x2 0
¡x4 ¡4x3 0 ¡12x2 0

They all satisfy y0 (x) = y00 (x) = 0, but at x0 = 0 the ¯rst function has a saddle point the
second a local minimum and the third a local maximum.
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Fig. 2: y (x) = x3 Fig. 3: y (x) = x4 Fig. 4: y (x) = ¡x4

In cases like these a sign diagram for the second derivative is needed to determine which
of the three types of a critical points is given.
Underlying parts i) and ii) is the following intuition: When y00 (x0) < 0, then, since

the second derivative is assumed to be continuous, the second derivative must remain
negative around x0. Therefore the function is concave (a) around the critical point x0
where it has a horizontal tangent. Hence only the shape of a relative maximum ¯ts.
Similarly y00 (x0) > 0 implies that the function is convex around x0 and hence it must
have a relative minimum at x0.
The example in Figure 1 has the derivatives

y0 (x) = ¡12x3 + 84x2 ¡ 168x+ 96
y00 (x) = ¡36x2 + 168x¡ 168

Trying the various factors of 96 we ¯nd that +1, +2 and +4 are critical points of the
function. Since a cubic polynomial can have at most three roots there can be no further
critical points.1

1A polynomial cannot have more roots than its degree. Every roots corresponds to a linear factor. In
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Evaluating

y00 (1) = ¡36 < 0
y00 (2) = 24 > 0

y00 (4) = ¡72 < 0

we ¯nd that the function has indeed relative maxima at x = 1 and x = 4 and a relative
minimum at x = 2.2

3 Absolute maxima and minima

Suppose the function y (x) is de¯ned on a set of numbers S; typically the domain of the
function or an interval like 0 < x < 9 or the set of all non-negative numbers 0 · x.

De¯nition 2 A number x0 is called an absolute (or global) maximum of the func-
tion y (x) with respect to the set of numbers S if for all values of x in S

y (x0) ¸ y (x) :

y (x0) is then called the maximal value of the function y (x) on S.

Absolute minima are de¯ned correspondingly. There is still something relative about
absolute maxima or minima, namely the reference to the set of numbers S. Compare with
the following statements: Pennsylvania Hill (relative maximum) is not the highest point
in Europe, but Mont Blanc is (absolute maximum with respect to Europe). The highest
point on Earth is Mount Everest (absolute maximum with respect to the world.)
The distinction between absolute and relative maxima is not always made clear in

A-level courses, but it is important. Consider again the example in Figure 1. Suppose
y (x) would be the pro¯t function of a ¯rm. Then pro¯t is maximized at x = 4 (the
absolute maximum), not at x = 1, which is only a relative maximum.

our case

y0 (x) = ¡12 (x¡ 1) (x¡ 2) (x¡ 4)

must be the complete factorisation because an additional linear factor would give us a polynomial of
degree 4.

2However, it is not much slower to get these conclusion by using sign diagrams and the factorization
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An absolute maximum is not necessarily a relative maximum. To see this consider the
function y (x) = x on the interval 0 · x · 1.
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Clearly, x = 1 is an absolute maximum of the function although it is not a turning point.
A function does not necessarily have an absolute maximum or minimum. However,

one has the following result.

Theorem 3 Suppose a function is de¯ned and continues on an interval a · x · b. Then
it attains an absolute maximum and an absolute minimum in this interval.

Intervals of the form a · x · b are called compact. The important properties of a
compact interval are that it contains the two endpoints and that it is of ¯nite length. On
an interval of in¯nite length like 0 · x a function does not necessarily have an absolute
maximum or minimum (take the function y (x) = x for example). The following function
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y (x) = x
1¡x2

is continuous on the interval ¡1 < x < 1 which misses the two endpoints. The function
does not obtain a maximum or a minimum.

3.1 Finding an absolute maximum or minimum

Suppose the function y (x) is twice continuously di®erentiable on the compact interval
a · x · b. Then an absolute maximum or minimum with respect to this interval can be
found as follows:

1. Determine all critical points of the function in the interval.

2. Calculate y (x) for the two endpoints of the interval and for all critical points in
between.
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3. The value for which y (x) is largest (smallest) is the absolute maximum (minimum).

For the function in Figure 1 and the interval 0 · x · 5 we proceed for instance as
follows. The critical points in the interval are 1, 2 and 4. Hence we calculate

x 0 1 2 4 5
y (x) ¡32 5 0 32 ¡27

We conclude that with respect to this interval the absolute minimum is at x = 0 and the
absolute maximum at x = 4.

3.2 Single-peaked functions

There is one frequently occurring case where the notions of absolute and relative maximum
coincide. Namely, when the function is single-peaked in the sense that it has only one
peak and no troughs. In such cases one can often apply the following result:

Theorem 4 Suppose the twice-continuously di®erentiable function is de¯ned in the in-
terval I and has one and only one critical point x0 in this interval. If y

00 (x0) < 0 then
x0 is an absolute maximum of the function on this interval.

Recall the \open box problem" from the exercises. The \natural" domain of the
volume function

V (x) = (18¡ 2x)2 x = 4x3 ¡ 72x2 + 324x
for this problem was the interval 0 < x < 9. The derivatives are

V 0 (x) = 12x2 ¡ 144x+ 324 = 12 (x¡ 3) (x¡ 9)
V 00 (x) = 24x¡ 144 = 24 (x¡ 6)

Since x = 3 is the only critical point in this interval and since V 00 (3) < 0 it follows that
x = 3 is the absolute maximum in this interval.

3.3 Example 5.1

Problem: The highway department is planning to build a picnic area for motorists along
a major highway. It is to be rectangular with an area of 5,000 square yards and is to be
fenced o® on the three sides not adjacent to the highway. What is the least amount of
fencing needed to complete the job?

Let x denote the width of the area along the highway and let y be its depth. the
amount of fencing is

F = x+ 2y

and we must have

xy = 5000 or y =
5000

x
:
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Hence we want to minimize the function
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F (x) = x+ 10000
x

over the interval of all positive numbers x > 0.
Di®erentiation yields

F 0 (x) = 1¡ 10000
x2

F 00 (x) =
20000

x3

F 0 (x) = 0 yields

x2 = 10000

There is only one solution to this equation in the positive numbers, namely x = 100.
Since F 00 (x) > 0 for all positive x it follows that x = 100 is the absolute minimum.
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