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1 Objective

We give the \¯rst order conditions" for constrained optimization problems like utility
maximization and costs minimization. The Lagrangean method to obtain these conditions
is introduced and its economic interpretation is discussed.
The relevant reading for this handout is Chapter 7, Sections 4. See also the book by

Begg on the consumer optimum and on cost minimization.

2 Constrained optimization

2.1 Utility maximization

The preferences of a consumer are described by a family of indi®erence curves. A math-
ematically convenient way to describe a family of indi®erence curves is to describe them
as the level curves of a utility function u (x; y). The utility u (x; y) can be interpreted as
a numerical measure of the satisfaction the consumer has when consuming x units of the
¯rst commodity (say, apples) and y units of the second commodity (say oranges). Along
a level curve utility is constant, so all commodity bundles on a level curve bring equal
satisfaction, they are hence the indi®erence curves. If one bundle has more utility than
another, the consumer will prefer it.
As an example consider the utility function u (x; y) = xy. The indi®erence curves for

u = 1, u = 2 and u = 3 have the form
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where consumption on higher indi®erence curves yields higher utility.
Suppose the price of apples is p, the price of oranges is q and the consumer has a

budget b. Then the budget constraint

px+ qy · b



must be satis¯ed for the consumption bundle (x; y) which the consumer buys, i.e., his
total expenditure on the two commodities cannot exceed his budget.
The aim of the consumer is to maximize his utility subject to the budget constraint.

This is a constrained optimization problem because the consumer would consume in¯nite
amounts of both commodities if he were not constrained by his budget. u (x; y) is the
objective function for this problem because the objective is to maximize this function.
We call total expenditure g (x; y) = px+ qy the constraining function because it appears
in the constraint. We expect the budget constraint to be binding in optimum, i.e., we
expect the budget inquality to hold with equality in the optimum. This is so because by
assumption the consumer has no possibility to save and because no other commodities
are available.
From the Principles lecture you know the essential condition which must hold in an

optimum: The budget line must be tangential to the indi®erence curve. Now the budget
line is given by the equation

px+ qy = b or y =
b

q
¡ p
q
x

so it has the slope ¡p
q
, which, apart form the sign, is the relative price of apples in terms

of oranges. (To buy an apple more the consumer must give up p
q
units of oranges.)

The slope of the indi®erence curve is { apart from the sign { the marginal rate of
substitution. In the previous handout we tried to explain that the marginal rate of
substitution is @u=@x

@u=@y
. Thus in optimum the marginal rate of substitution must be equal

to the relative price

@u=@x

@u=@y
=
p

q
(1)

This is the ¯rst equation which characterizes the constrained optimum. For the example
u (x; y) = xy we have @u

@x
= y and @u

@y
= x. The condition becomes

y

x
=
p

q
(2)

or

qy = px; (3)

i.e., in optimum the consumer spends equal amounts on each commodity. We need a
second equation for the optimum. This second equation is the budget equation

px+ qy = b (4)

To repeat: the constrained optimum (x¤; y¤) is the solution of a simultaneous system of
two equations in two unknowns. The ¯rst equation expresses that in the optimum the
marginal rate of substitution is equal to the relative price. The second one states that
the consumer spends all his money in the optimum.
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In our example condition (1) gives y = p
q
x. Substituting this into the budget equation

gives

px+ q

µ
p

q
x

¶
= px+ px = 2px = b

x¤ =
b

2p

y¤ =
p

q
x¤ =

p

q

b

2p
=
b

2q

We have found the optimum. For instance, when the budget is b = 100 and the prices are
p = 2 and q = 5 the optimal consumption is

x¤ =
100

2£ 2 = 25 y =
100

2£ 5 = 10:

2.2 Cost minimization

The cost minimization problem is in many ways dual to the utility maximization problem
and leads to very similar conditions. Consider a price-taking ¯rm with production function
Q (K;L) = KL. Suppose the ¯rm wants to ¯nd the least costly way to produce Q0 units
of output given the prices r and w for the inputs. Then she wants to minimize total costs

rK + wL

subject to the constraint that she produces at least Q0 units

Q0 · Q (K;L) :
Here expenditure on inputs is the objective function whereas the production function is
the constraining function.
Again from the principles lecture we know that in the cost minimum the iso-cost line

must be tangential to the isoquant. Since the slope of an iso-cost line

rK + wL = constant

is the negative of the relative price of inputs r
w
it follows that in the optimum the marginal

rate of substitution @Q=@K
@Q=@L

must equal the relative price

@Q=@K

@Q=@L
=
r

w
:

In our example @Q
@K
= L and @Q

@L
= K, so

L

K
=
r

w

or

wL = rK
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so in optimum equal amounts are spend on both inputs. This is the ¯rst equation. As
the second equation we have that in the optimum the ¯rm will produce exactly Q0 units
and no more, the cost-minimizing optimum (K¤; L¤) must lie on the isoquant for Q0

Q0 = Q (K;L) :

In our example suppose that r = 2, that w = 5 and that the ¯rm wants to produce
250 units of output at the lowest costs. Then the optimum (K¤; L¤) must satisfy the
conditions

L

K
=
2

5
or L =

2

5
K

and

250 = KL:

Substituting in the last equation L = 2
5
K yields

250 = 2£ 125 = 2£ 53 = 2

5
K2 54 = K2 K¤ = 52 = 25

L¤ =
2

5
K¤ = 10:

The optimal input combination is (K¤; L¤) = (5; 10).

2.3 The general problem

In general we want to maximize or to minimize an objective function

z = f (x; y)

susbject to a constraint

g (x; y) · c

where c is a constant. We are interested in the case where the constraint is binding in
the optimum, i.e., where g (x; y) = c holds at the optimum. (Otherwise the constraint is
always satis¯ed near the optimum and the optimum must be a critical point of f .)
The optimum must then solve the two conditions

@f=@x

@f=@y
=

@g=@x

@g=@y

g (x; y) = c
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3 The Lagrangian approach

The Lagrangian method is an alternative way to derive these two conditions. The method
transform the constrained optimization problem into an unconstrained optimization prob-
lem in conjunction with a pricing problem. We discuss here only the maximization prob-
lem. First we form out of the two given functions f and g a new function which depends
on an additional parameter ¸, the so-called Lagrange multiplier. This new function {
called the Lagrangian { is

L (x; y) = f (x; y)¡ ¸ (g (x; y)¡ c)
Then we look for an unconstrained maximum or a minimum of this function and determine
the Lagrange multiplier such that the constraint holds with equality in the optimum.
For a maximization problem the interpretation is as follows: Instead of strictly for-

bidding that the constraint g (x; y) · c ever gets violated, we allow to violate it, but at
a price. This price is ¸: It is a ¯ctituous price in a ¯ctitious problem and hence called
a \shadow price". Suppose the constraint is violated. g (x; y) ¡ c is then the number of
units by which the constraint is violated. When each unit of violation costs ¸, the total
amount ¸ (g (x; y)¡ c) must then be paid for violation. This amount is subtracted from
the value of the objective function which we want to maximize. (If the constraint is not
violated, there is a reward.)
Now we look for an unconstrained maximum (x¤; y¤) of the Lagrangian. Suppose we

have found an absolute maximum (x¤; y¤) of this function and suppose and we were able to
choose a positive ¸ such that (x¤; y¤) satis¯es the constraint g (x¤; y¤) = c. Then (x¤; y¤)
is automatically an optimum of the constrained optimization problem: We have

L (x¤; y¤) = f (x¤; y¤)¡ ¸ (g (x¤; y¤)¡ c) = f (x¤; y¤) .
Now consider any pair (x; y) that does not violate the constraint, i.e., that satis-
¯es g (x; y) · c. Then L (x; y) · L (x¤; y¤) because (x¤; y¤) is an absolute maxi-
mum. Moreover ¡¸ (g (x; y)¡ c) is positive since (x; y) satis¯es the constraint. Hence
f (x; y) · L (x; y) and overall we obtain that f (x; y) · f (x¤; y¤) holds for all (x; y)
satisfying the constraint. This means that (x¤; y¤) is a constrained maximum.
To ¯nd the maximum of the Lagrangian we solve the ¯rst order conditions

@L
@x

=
@f

@x
¡ ¸@g

@x
= 0 or

@f

@x
= ¸

@g

@x
(5)

@L
@y

=
@f

@y
¡ ¸@g

@y
= 0 or

@f

@y
= ¸

@g

@y
(6)

Notice that if we divide the two equations on the right we get

@f=@x

@f=@y
=
@g=@x

@g=@y
: (7)

In addition we want the constraint to hold with equality in the optimum, i.e., we impose
the equation

g (x; y) = c: (8)
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We then solve the two equations (7) and (8) for x and y. The Lagrangian was just a tool
to derive these equations. If the need arises, we can calculate the value of the Lagrange
multiplier ¸ from equation (5) or (6).

3.1 Utility maximization again

In this case the Lagrangian is

L (x; y) = u (x; y)¡ ¸ (px+ qy ¡ b) = u (x; y) + ¸ (b¡ px+ py)

It can be interpreted as follows: In the original problem saving is not possible. Now
suppose it is possible to save and also to go into debt. The savings are

s = b¡ px+ py

Now suppose there is some future utility from saving because the money can be spend in
the future. For simplicity we assume that this future utility is linear in savings and given
by

¸s

Then ¸ is the marginal utility of saving a penny. One also speaks of the marginal utility
of money. The Lagrangian can then be interpreted as the total utility from consumption
today and in the future. When we solve the constrained optimization problem with the
Lagrangian approach we e®ectively ask: What would the marginal utility of saving have
to be such that it is optimal not to save and not to go into debt.

3.2 Cost minimization again

The ¯rm wants to minimize the costs rK + wL subject to the constraint Q0 · Q (K;L).
First we transorm the problem such that it ¯ts with our general framework above. Min-
imizing rK + wL is the same as maximizing ¡rK ¡ wL. Now we have a maximization
problem. Next we had the constraint in the form g (x; y) · c with the constant on
the right. Therefore we rewrite Q0 · Q (K;L) as ¡Q (K;L) · ¡Q0. The Lagrangian
becomes:

L (K;L) = ¡rK ¡ wL¡ ¸ (¡Q (K;L) +Q0)
= (¸Q (K;L)¡ rK ¡ wL)¡ ¸Q0

We see that { up to a constant which will drop out in the di®erentiation { the Lagrangian
is just the pro¯t function of the ¯rm when the output price is ¸. When we solve the cost
minimization problem with the Lagrangian method we therefore ask: What would the
output price have to be such that it is optimal to produce exactly Q0 units of output.
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