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1 Objective

We discuss a central application of optimization techniques to economics, namely pro¯t
maximization of ¯rms. The relevant reading for this handout is Ho®mann and Bradley
(2000), Chapter 2, Section 4 and Begg, Fischer, and Dornbusch (2000), Chapter 9, Section
2.

2 Maximizing pro¯ts when marginal costs are in-

creasing

We consider in this section a ¯rm in a perfectly competitive market where many ¯rms
produce the same product. In such markets a single ¯rm's impact on the market price
is negligible and it acts as a price taker, i.e., it takes the market price P as a given ¯xed
quantity which it cannot in°uence.
Assuming increasing marginal costs we will show that the individual supply curve1 of

such a ¯rm is its marginal costs curve and that the individual supply function is the
inverse of the marginal cost function.
The total revenue of a ¯rm is the product market price times the quantity Q sold by

the ¯rm:

TR (Q) = P (Q)Q

The marginal revenue is the derivative of total revenue with respect to quantity,

MR (Q) =
dTR

dQ

i.e., it is roughly the increase in total revenue when the ¯rm produces a single (small)
unit of output more.
A price taking ¯rm will regard the price as a constant. Hence its marginal revenue is

equal to the price: The price is ¯xed by the market, so an additional unit sold increases
the revenue by the price P .

MR (Q) =
dTR

dQ
= P

If there is no uncertainty a ¯rm will produce exactly what it wants to sell. Let TC (Q)
denote the total cost function of the ¯rm, for instance

TC (Q) = 5Q2 + 20Q+ 110:

1More precisely, that part of the supply curve where the ¯rm produces a positive quantity.



This was the second example in the ¯rst handout. The marginal cost function in this
example is increasing. The marginal cost curve and the marginal cost function are:
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MC (Q) = dTC
dQ

= 10Q+ 20

Recall that if the producer is currently producing the quantity Q, then it will cost him
(roughly) the marginal costs MC (Q) to produce a single (small) unit more. Recall also
how you can read o® this information from the graph: For a given quantity Q on the
horizontal axis move upwards to the point on the graph. The height of this point is the
marginal cost.
The pro¯t function of the ¯rm is in general

¦ (Q) = TR (Q)¡ TC (Q)
If the (absolute) pro¯t maximum Q¤ is a critical point of the pro¯t function (we will check
this later) it must satisfy the ¯rst order condition

0 = ¦0 (Q¤) =MR (Q¤)¡MC (Q¤)
so marginal revenue must equal marginal costs

MR (Q¤) =MC (Q¤)

In a perfectly competitive market this means that price must equal marginal costs.

P =MC (Q¤) (1)

This is plausible: If the price were above the marginal costs, the producer could produce
one unit more and thereby make a gain. If the price were below the marginal costs the
producer could produce one unit less and thereby increase his pro¯ts. So, in optimum
price must equal marginal costs.
Notice how you can use the marginal cost curve above to ¯nd the pro¯t optimum:

Starting with the market price P on the vertical axis we look to the right until we hit
the marginal cost curve and below we can read o® how much the ¯rm would produce in
optimum. Hence we have found the supply curve of the ¯rm: The graph tells us how
much the ¯rm would produce for any given price. However, Equation (1) gives us this
information only indirectly namely for a given price we must ¯rst solve this equation for
Q¤ to ¯nd the quantity supplied. The supply function QS (P ) which tells us for each
given price how much the ¯rm will produce is actually the inverse of the supply function.
However, by tradition one does not invert the graph but, in the case of demand- and supply

2



functions, one draws the independent variable P on the vertical axis and the dependent
variable Q on horizontal axis.
In our example price equals marginal costs means

P = 10Q¤ + 20: (2)

For instance, if the market price is P = 80 we obtain from equation (2) the unique solution
Q¤ = 6. This reasoning works for every market price P . The equation that price must
equal marginal costs has the unique solution

QS (P ) = Q¤ =
P ¡ 20
10

(3)

and this equation gives us the supply function of the ¯rm.
However, the above arguments assumed that the pro¯t maximizing quantity is given

by the ¯rst order condition P =MC (Q¤). Let us now discuss for an increasing marginal
cost function when this is indeed the case.

1. Since marginal costs are increasing a horizontal line can intersect the marginal cost
curve at most once. Hence, for any given price there can be at most one critical
point.

2. The marginal cost curve is increasing and thence the derivative of the pro¯t function

¦0 (Q) = P ¡MC (Q)

is decreasing. Recall that a function is strictly concave if and only if its ¯rst deriva-
tive is decreasing (where the latter is re°ected by having \almost everywhere" a
negative second derivative). Hence the pro¯t function is strictly concave. There-
fore, if the ¯rst order condition P =MC (Q¤) has a solution Q¤ it will be the unique
critical point of the pro¯t function and it will be an absolute maximum of the pro¯t
function. In the example this happens, for instance, when P = 80.
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3. It is, however, possible that the ¯rst order condition has no solution. This can
happen in two ways:
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(a) The market price is lower than the minimal marginal costs MC (0) at 0 and
hence lower than the marginal cost at any quantity. In this case the derivative
of the pro¯t function

¦0 (Q) = P ¡MC (Q)

is always negative, which means that pro¯t is always decreasing in quantity.
Clearly, it is then optimal for the ¯rm to produce zero output. In the above
example this happens when the price is below 20; for instance when P = 10:
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Pro¯ts when P = 10

Algebraically Equation (3) then has a negative solution and the pro¯t function
has a single peak in the negative. It is then optimal for the ¯rm to produce an
output as close to this peak as possible, i.e., to produce zero.

(b) It does not happen in most examples, but a priori it is possible that the price is
higher than the marginal costs could ever get. For this to happen the marginal
cost curve would have to look like this:
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MC (Q) = 150¡ 100
Q+1

For prices above 150 the pro¯t function is always increasing. Because the price
is always above the marginal costs it always pays to produce a unit more. The
¯rm would like to supply an in¯nite amount at such prices. Mathematically,
an absolute pro¯t maximum does not exist. Economically, the assumption of
a price-taking ¯rm is no longer adequate at such prices. Firms cannot bring
arbitrarily large quantities to the market without having an impact on the
price.
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3 Maximizing pro¯ts when marginal costs are con-

stant

For a price taking ¯rm one gets similarly extreme results as in the Case b) just discussed
when the marginal costs are constant. For instance, in the ¯rst example of the ¯rst
handout the total cost function was

TC (Q) = 90 + 20Q:

The marginal costs curve is constant at height 20.
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The pro¯t function is linear in Q

¦ (Q) = TR (Q)¡ TC (Q) = PQ¡ 90¡ 20Q = (P ¡ 20)Q¡ 90
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When the price is below the marginal costs, the pro¯t function is decreasing and it is
optimal to produce zero output. When the price is above the marginal costs, the pro¯t
function is increasing and it is optimal to produce an in¯nite amount. When the price
is exactly equal to the marginal costs, the pro¯t function is °at and any output is pro¯t
maximizing. One obtains the extreme case of a short-run horizontal supply curve. A
supply function does not exist. One speaks of an \in¯nitely elastic supply curve". If all
¯rms in the market have the same costs, the only equilibrium price would be P = 20.
Because of the ¯xed costs all ¯rms would make losses and would have to exit in the long
run.

4 Monopoly

One gets less extreme results with constant marginal costs for models of imperfect com-
petition. For instance, a monopolist (no competition) will take fully account of the fact
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that the quantity he sells has an e®ect on the market price. Suppose that he has the cost
function

TC (Q) = 90 + 20Q

while he faces the demand function

Q = QD (P ) = 10:40¡ 1

50
P

which tells us the quantity demanded at every given price. Solving for P

Q = 10:40¡ 1

50
P

50Q = 520¡ P
P + 50Q = 520

P = 520¡ 50Q
we obtain the inverse demand function

P = P (Q) = 520¡ 50Q
which tells us the price the monopolist can achieve when he brings the quantity Q to the
market.
The total revenue is now

TR (Q) = P (Q)Q = (520¡ 50Q)Q = 520Q¡ 50Q2

and his marginal revenue is no longer simply the price

MR (Q) =
dTR

dQ
= 520¡ 100Q

Equating marginal costs with marginal revenue gives

520¡ 100Q = MR (Q) =MC (Q) = 20

500 = 100Q

Q = 5

i.e., it is optimal for him to produce 5 units. One can verify that this quantity actually
maximizes pro¯ts and that the monopolist can make positive pro¯ts.
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Marginal revenue and costs

In the ¯gure on the right the pro¯t-maximizing quantity is obtained as the intersection
of the downward sloping marginal revenue curve and the horizontal marginal cost curve.
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