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You can obtain up to up to 60 marks on the June examination which will be added
to your results from the January examination. The June examination will consist of four
parts, A, B, C and D. You will be able to gain up to 30 marks on Part A, up to 20
marks on Part B, up to 15 marks on Part C. For whom the extra Part D will
be in, is still to be decided. Please follow the instructions for each individual part
carefully. One answer book is su±cient.

This is an \open book examination". You may consult any written material you have
brought into the examination room.
Graphic calculators are permitted, but full work must be shown. Materials required
: graph paper, handbook of formulae.
If you put your written answer in my (D.B.'s) mailbox in the week 22.04 { 26.04, it will
be checked.



Part A Part A of the exam will test your ability to use optimization techniques for
bivariate functions to economic problems and to work with some basic concepts of Math-
ematical Economics. You will be able to gain up to, but no more than, 30 marks on
part A of the exam. Please write your answer in your answer book. Please take care
{ to clearly mark your answer with number of the question or subquestion,
{ to include all relevant intermediate calculations
{ and to underline or frame your ¯nal answer to a subquestion. The statement or the
relevant formulae should make sense on their own.

Question 1 : (10 marks) a) (1 mark) Determine the area f (x; y) of the triangle
spanned by the three points A = (0; 0), B = (0; x) and C = (x; y) with x; y > 0 as in the
following graph.
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b) Find the point C¤ = (x¤; y¤) on the ellipse described by the equation g (x; y) = x2 +
4y2 = 1 for which the area f (x; y) is maximal. Use the method of Lagrange:
b1) (2 marks) Write down the Lagrangian for the problem.
b2) (3 marks) Find the two ¯rst-order condition for a critical point of the Lagrangian.
b3) (2 marks) Use these two condition to ¯nd an equation which involves only x and y,
but not the Lagrangian multiplier.
b4) (2 marks) Use the result from b3) and the constraint to ¯nd C¤ = (x¤; y¤) assuming
that both coordinates are positive.

Question 2 : (7 marks) A consumer has the following utility when he consumes x
units of apples and y units of oranges:

u (x; y) = ¡x2 + 4x¡ y2 + 16y
Suppose the consumer has a budget of $3.20 to be spend on oranges and apples. Each
apple and each orange costs $0.40. Use the method of Lagrange to ¯nd the optimal
consumption bundle:
a) (2 marks) Write down the budget constraint and the Lagrangian.
b) (3 marks) Write down the ¯rst-order conditions for a critical point for the Lagrangian.
Find a condition for a critical point that does not involve the Lagrange multiplier.
c) (2 marks) Use the latter condition and the budget constraint to ¯nd a candidate for
the optimum. (One can show that it is indeed the optimum.)
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Question 3 : (7 marks) A consumer has the following utility when he consumes x
units of apples and y units of oranges:

u (x; y) = ¡x2 + 4x¡ y2 + 16y

Suppose the consumer has a budget of $1.60 to be spend on oranges and apples. Each
apple and each orange costs $0.40. Use the method of Lagrange to analyse the problem.
a) (1 mark) Write down the budget constraint and the Lagrangian.
b) (1 mark) Write down the ¯rst-order conditions for a critical point of the Lagrangian.
Find a condition for a critical point that does not involve the Lagrange multiplier.
c) (1 mark) Use the latter condition and the budget constraint to ¯nd a candidate for the
optimum.
d) (4 marks) Draw the budget line and the solution from c) in a diagram. Discuss
which restriction on the consumer's optimization problem is obviously ignored by the
Lagrangian approach. What commodity bundle would you rather expect to be optimal
in this situation?

Question 4 : (14 marks) A monopolist sells two commodities, a fashionable type of
sweaters and a fashionable type of jackets. Let x and y denote the quantities demanded
for the two goods measured in multiples of 10,000 sweaters or jackets respectively. The
monopolist expects that if he takes the price p for the sweaters and the price q for jackets
(prices are in Pounds Sterling), the quantity demanded for the sweaters will be

x = 230¡ 2p¡ q

and for jackets

y = 220¡ p¡ 2q

a) (2 marks) Suppose it costs him $20 to produce a sweater and $30 to produce a jacket.
Express his total costs TC ¯rst as a function of the two quantities he produces and then,
assuming that he sells all he is producing, as a function of the prices p and q only.
b) (2 marks) Express total revenue TR ¯rst in terms of x; y; p; q. Then express it as a
function of the prices p and q only.
c) (3 marks) Write down the pro¯t function ¦ (p:q) : Determine its two partial derivatives
and ¯nd the critical point of the pro¯t function. How many sweaters and how many
jackets will be sold?
d) (3 marks) Use the second derivatives of the pro¯t function and the determinant of the
Hessian matrix to show that the critical point is a relative maximum.
e) (2 marks) Calculate the own-price elasticity @x

@p
p
x
for sweaters at the optimum. Is the

demand elastic or inelastic?
f) (2 marks) Calculate the cross-price elasticity @x

@q
q
x
for sweaters with respect to the price

of jackets. Are sweaters substitutes or complements for jackets?
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Question 5 : (8 marks) The demand and, respectively, the supply in a market are

Qd =
p
8¡ P Qs =

p
P

a) (2 marks) Find equilibrium price and quantity exchanged.
b) (2 marks) Integrate

R p
8¡ PdP using the substitution u = 8¡ P:

c) (2 marks) Find consumer- and producer surplus.
d) (2 marks) Calculate the own-price elasticity of demand and supply in the equilibrium.

Part B : Part B of the exam will test your ability to handle matrix- and vector algebra
You can gain up to, but no more than, 20 marks on this part. Please write your
answer in your answer book. Please take care
{ to clearly mark your answer with number of the question or subquestion,
{ to include all relevant intermediate calculations
{ and to address all parts of a question.

Question 6 : (4 marks ) For the matrix

A =

·
1 0 1 0
0 1 0 1

¸
calculate A0A and (AA0)¡1.

Question 7 : (6 marks) Use matrix algebra to solve the linear simultaneous system
of equations

2x+ 7y = 13

5x+ 3y = 17

Give your answer using fractions, not decimals numbers.

Question 8 : (10 marks) Consider the matrix

R =

"
1p
2
¡ 1p

2
1p
2

1p
2

#
:

a) (3 marks) Draw the six vectors

~e1 =

·
1
0

¸
, ~e2 =

·
0
1

¸
, ~c =

· ¡1
¡1

¸
together with R~e1, R~e2 and R~c in a coordinate system. What is the geometric interpre-
tation of the mapping that assigns to any vector ~x the vector R~x?
b) (3 marks) For any vector

~x =

·
x
y

¸
calculate ~x0R~x and arccos ~x

0R~x
~x0~x .

c) (4 marks) Calculate R2, R4 and R8. What is the inverse of R?
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Question 9 : (8 marks) Calculate the adjoint and the determinant of the \telephone
matrix"

A =

24 1 2 3
4 5 6
7 8 9

35
Calculate (adA)A. Is the matrix invertible? Obtain the determinant directly using the
Sarrus rule.

Part C : Part C of the Exam will test your ability to use techniques associated with
the exponential and logarithmic function and to perform basic integrations. You can gain
up to, but no more than, 15 marks on this part. Please write your answer in your
answer book. Please take care
{ to clearly mark your answer with number of the question or subquestion,
{ to include all relevant intermediate calculations
{ and to underline or frame your ¯nal answer to a subquestion. The statement or the
relevant formulae should make sense on their own.

Question 10 : (6 marks) What annual nominal interest rate would be required to
have an annual e®ective interest rate of 7% if interests are compounded a) annually b)
monthly c) continuously?

Question 11 : (6 marks) Use logarithmic di®erentiation to di®erentiate

y (x) =

µ
x2 + 1

x2 ¡ 1
¶20

Question 12 : (2+2 marks) Calculate the de¯nite integralsZ 2

1

µ
x3 + x2 +

5

x2

¶
dxZ 1

0

e3x+2dx

Question 13 : (4 marks) Integrate by partsZ ¡
1£ ln ¡x2¢¢ dx

Question 14 : (4 marks) Use the substitution u = 1¡ x to integrateZ
x2 (1¡ x)7 dx
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Extra Part D : Details on who can or who cannot do this part are still to be decided.
You can gain up to, but no more than, 10 marks on this part. Please write your
answer in your answer book. Please take care
{ to clearly mark your answer with number of the question or subquestion,
{ to include all relevant intermediate calculations
{ and to underline or frame your ¯nal answer to a subquestion. The statement or the
relevant formulae should make sense on their own.

Question 15 : (2 marks) Expand and simplify¡
4 + 4a+ a2

¢ ¡
4¡ 4a+ 4a2¢

Question 16 : (2 marks) Simplify

23a
5
6

b
1
3 c9

c¡8b
2
3

2a¡
1
3

Question 17 : (2 marks) Di®erentiate

y (x) =

p
x2 ¡ 1p
x+ 1

Question 18 : (3 marks) Find the critical points of the function

y (x) =
1

6
x6 ¡ x4

and use a sign diagram to determine whether they are relative maxima or minima.

Question 19 : (4 marks) A monopolist faces a linear demand Qd = 10 ¡ P for his
product. His cost fall into two parts: a) a ¯xed costs FC = $3 and b) a constant marginal
costMC = 2 for each unit of output produced. Determine his total cost function, his total
revenue function and his pro¯ts as a function of quantity. What is the pro¯t-maximizing
quantity? Will the monopolist be able to make positive pro¯t?
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