
BEE1020 { Basic Mathematical Economics Dieter Balkenborg
Week 6, Lecture Wednesday 13.11.02 Department of Economics
Evaluating functions University of Exeter

Aim

² to obtain familiarity with some basic types of functions.

After some general remarks on functions we will take a look at linear functions. In
the next lecture we discuss quadratic functions, polynomials and rational functions.

1 Evaluating functions

Suppose we have an algebraic expression as in the previous lecture. Let us give a name
for the result we get when evaluating the expression, for instance

y = ax2 + bx+ c

Here the variable y represents the result of the calculation. The value of y depends on the
values we choose for the four variables a; b; c; x. It is hence appropriate to call the variable
y the dependent variable and the variables a; b; c; x the independent variables because we
can choose them in any way we want to get a value for y.
Whenever the values of certain independent variables uniquely determine the value of

a certain dependent variable mathematicians speak of a function.
Functions with four independent variables are bit hard to start out with. Let us hence

specify as above a = 1; b = 2; c = 3 in order to obtain the univariate function

y = x2 + 2x+ 3

Let us also abbreviate the term x2 + 2x+ 3 by f (x), so

y = f (x) = x2 + 2x+ 3.

This is one level up in abstraction. Before we used letters like a; b; c; x to represent
numbers. Now we use f (x) or the letter f to describe an algebraic expression and hence
a relationship between numbers.
To get a feeling for this particular relationship we evaluate our function for several

values of the independent variable x.

x ¡3 ¡2 ¡1 0 1 2
y 6 3 2 3 6 11

For instance, y = f (0) = (x2 + 2x+ 3)jx=0 = 3. If we plot each pair (x; y) thus found in a
coordinate system with the independent variable on the horizontal axis and the dependent



variable on the vertical axis and then connect these points we obtain the graph of the
function
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In the tutorials we will draw the graph of the function y = f (x) =
p
4¡ x2. (Bring a

pocket calculator along.) Notice that some small print applies to this function: We can
calculate f (x) only when x is between ¡2 and 2.
A mathematically complete description of a function has two ingredients: a) We must

specify the domain, i.e., the set of admissible numbers which the independent variable x
is allowed to represent. b) We must specify the rule (typically an algebraic expression)
with which we can calculate for every value of the independent variable in the domain the
value of the dependent variable.
Alternative notation: Sometimes it is convenient to write

y (x) =
p
4¡ x2 instead of y = f (x) =

p
4¡ x2

The notation y (x) (\y of x") indicates that y depends on x via some prespeci¯ed formula.

1.1 The vertical line test

We require for a function y = f (x) that we can calculate for every admissible value of the
independent variable the value of the dependent variable y in a unique way. This implies
that any vertical line can intersect the graph of the function at most once.
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graph of a function not graph of a function

1.2 An economic interpretation

Our function y = f (x) = x2 + 2x + 3 could potentially describe the cost function of
a producer of a certain commodity. Let us ¯rst switch to a notation which is easier
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to memorize. Let us write Q instead of x for the quantity the producer may wish to
produce. Our producer faces some inherent technical di±culties in producing negative
quantities. Hence the domain of our cost function is the set of non-negative numbers,
not for mathematical reasons but because of plain common sense. If we write TC (total
costs) instead of y for the amount of money the producer must pay in order to produce
Q units of the commodity we have the cost function

TC = f (Q) = Q2 + 2Q+ 3

When we draw the graph of the cost function we better ignore the negative part of the
horizontal axis and obtain the ¯gure on the left.
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The cost function TC = f (Q) = Q2 + 2Q+ 3 The \cost function" TC = f (Q) = Q2 + 2Q+ 3

Remark 1 The cost of producing zero units is TC = f (0) = 3! 3 represents here the
overheads or ¯xed costs the producer has to pay before any production can take place.

Remark 2 We will have to discuss later in the lecture which univariate functions make
potentially sense as cost functions. For instance, TC = f (Q) = Q2 ¡ 2Q + 3 with
the graph above on the right would not make sense because it would be cheaper to
produce 1 unit than nothing at all. Clearly, costs have to be increasing in quantity.
TC = f (Q) = Q2 ¡ 2Q¡ 3 would be even worse because total costs could be negative.

Reading Chapter 1, Sections 1 and 2

2 Linear functions

The simplest geometric objects are lines. The vertical line test tells us that vertical lines
in a coordinate system are not graphs of functions. All other lines are the graphs of linear
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functions. These are the functions of the form

y = f (x) = ax+ b; for instance, y = 2x+ 1
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Hereby the number b is the y-intercept (or short: the intercept) of the line. It tells us
where the line intersects the vertical axis.1 The number a is called the slope of the line.
It measures its steepness. A larger slope gives a steeper line. A negative slope tells us
that that the line is downward sloped.
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The lines y = x, y = 2x and y = ¡x
We can draw a line once we know two points on the line. We can also determine the linear
function describing it from this information. Suppose for instance, that the two points
with coordinates (x0; y0) = (0:5; 2) and (x1; y1) = (1:5; 4) are on the line. Then we can
calculate the so-called difference quotient (here the greek letter \capital delta" ¢ is
short for \di®erence")

¢y

¢x
=
y1 ¡ y0
x1 ¡ x0 =

4¡ 2
1:5¡ 0:5 =

2

1
= 2

Whatever two points on the line we take, when we calculate the di®erence
quotient we always get the same number, namely the slope of the line!
If we take any point (x; y) on the line instead of (x1; y1) = (1:5; 4), the di®erence

quotient must still be 2 in our example. Therefore

y ¡ 2
x¡ 0:5 =

y1 ¡ y0
x1 ¡ x0 =

¢y

¢x
=
y1 ¡ y0
x1 ¡ x0 = 2

or

y ¡ 2 = 2 (x¡ 0:5) = 2x¡ 1
y = 2x+ 2

1The x-intercept is ¡ b
a provided a 6= 0.
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Exercise 1 A bookseller knows that he can sell 1100 books at $5 and 500 books at $9.
Assuming that the demand for books is linear, how many books can he sell at $7 and
$8? Calculate the di®erence quotient and describe demand as a linear function

Qd = aP + b

Solution 2 When the bookseller increases the price from $5 to $9, i.e., by $4, the
demand for books will decrease from 1100 to 500 books, i.e, by 600 books. Therefore an
increase of the price by $1 leads to a decrease in demand by 150 books. The slope of the
linear demand function is therefore ¡150. If he raises the price by $2 from $5 to $7 he
will sell 300 books less, i.e., he will sell 1100¡ 300 = 800 books. If he raises the price by
$3 from $5 to $8 he will sell 450 books less, i.e., he will sell 1100¡ 450 = 650 books. If
he reduces the price by $5 from $5 to $0 he will sell 5£ 150 = 750 books more. At the
price $0 he sells therefore 1100 + 750 = 1850 books. This is the intercept of the linear
demand function. The demand function is hence Qd = ¡150P + 1850.

Reading Chapter 1, Section 3
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