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1 Objective

We now turn to the main application of di®erentiation in economics: optimization prob-
lems. We ¯rst discuss the important distinction between relative and absolute maxima
and minima. Then we discuss examples of optimization problems. The relevant reading
for this handout is Chapter 3, Sections 4 and 5 in (?).

2 Absolute versus relative maxima and minima

Typical optimization problems are pro¯t maximization or cost minimization. In each case
one is given an objective function y = f (x). The objective is to ¯nd the value of x for
which f (x) is largest or smallest.
The standard procedure to solve an optimization problem is as follows:

1. One calculates the ¯rst and the second derivative f 0 (x) and f 00 (x) of the objective
function.

2. One seeks a solution to the so-called ¯rst order condition f 0 (x) = 0, i.e., one seeks
a critical point of the objective function.

3. If one has found a critical point one evaluates the second derivative f 00 (x) at the
critical point, say x = 5. The second order condition states that if f 00 (5) > 0 then
we have found a relative (!) minimum (i.e., a trough) and if f 00 (5) > 0 then we have
found a relative (!) maximum (i.e., a peak).

There is nothing wrong with this procedure, except that it sometimes gives the wrong
solution. The problem is not so much that the second derivative can be zero at a peak
or a trough and the procedure does not tell us what to do in this case. The problem is
rather we are not really interested in peaks and troughs. We want to ¯nd the following:

De¯nition 1 Suppose a function y = f (x) is de¯ned on an interval. Then a number
x¤ in the interval is called an absolute maximum (or minimum) with respect to the
interval if f (x¤) is at least as large (at least as small) than f (x) for any other number x
in the interval.

If the function has several peaks we do not know which one is the highest. Also, an
absolute maximum does not have to exist. Moreover, if it exists it does not have to be a
peak, as the following example shows.



2.1 An example

Suppose we have a price-taking ¯rm operating in a perfectly competitive market with the
total cost function

TC (Q) = 2Q3 ¡ 18Q2 + 60Q+ 20
where Q is the quantity produced by the ¯rm. As we will see in one of the next lectures,
economists are interested in this example because it has U-shaped total and average
variable costs.
Let us consider two possible market prices, P = 30 and P = 15. Total revenue is PQ.

Pro¯t is the di®erence between total revenue and total costs. The following two graphs
show you the graphs of the pro¯t functions in the two cases.
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P = 30 P = 15
¦ (Q) = 30Q¡ (2Q3 ¡ 18Q2 + 60Q+ 20) ¦ (Q) = 15Q¡ (2Q3 ¡ 18Q2 + 60Q+ 20)

In the ¯rst case the above procedure would ¯nd the absolute pro¯t maximum correctly at
Q = 5, where there is a peak. In the second case the above procedure would identify the
peak Q ¼ 4:22 where the pro¯t is ¦ (4:22) ¼ ¡39:7. In this case the market price is just
too low. The ¯rm can never make a pro¯t and has to minimize losses. Here the best it
can do is to shut down and produce zero output. Then it loses the ¯xed cost 20, but that
is still better than losing 39.7 at the local peak. The above procedure does not identify
the absolute pro¯t maximum Q = 0 because it is not even critical point (the tangent is
not horizontal).

2.2 Single-peaked functions

(or functions with a single trough)
There is one frequently occurring case where the above procedure works without prob-

lems. Namely, when the objective function y = f (x) has a single critical point for which
f 00 (x) 6= 0. It is not allowed to have any other critical points, neither peaks, troughs
nor saddle points. This is so for the following reason. Suppose the function is de¯ned
on the interval 0 · x · 7 and we ¯nd only one critical point, say x = 3, which satis¯es
f 00 (3) < 0, so it is a peak. Suppose the absolute maximum would be at x = 7 and
f (7) > f (3). Because x = 3 is a local peak the graph would have to go down after x = 3.
Since f (7) > f (3) it would have to come up again. But then there would have to be a
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trough between 3 and 7. This contradicts the assumption that x = 3 is the only critical
point. (Notice that we have a trough in the examples in the previous section.)

Theorem 1 Suppose the twice-continuously di®erentiable function is de¯ned in some in-
terval and has one and only one critical point x¤ in this interval. If y00 (x¤) < 0
(y00 (x¤) > 0) then x¤ is an absolute maximum (minimum) of the function on this inter-
val.

Exercise 1 Find the absolute maximum of the function

y = f (x) =
1

x2 + 2x+ 2

2.3 Example 5.1 from the textbook

Problem: The highway department is planning to build a picnic area for motorists along
a major highway. It is to be rectangular with an area of 5,000 square yards and is to be
fenced o® on the three sides not adjacent to the highway. What is the least amount of
fencing needed to complete the job?

This is what we will later call a constraint optimization problem. The length of the
fence is to be minimized under the constraint that the picnic area is at least 5,000 square
yards. Let x denote the width of the area along the highway and let y be its depth. The
amount of fencing to be minimized is then

F = x+ 2y

and we have satisfy the constraint

xy = 5000 or y =
5000

x
:

Clearly, only positive x and y are allowed here. We can substitute this into our expression
for the length of the fence. Hence we want to minimize the objective function in one
variable
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F (x) = x+ 10000
x

over all positive numbers x > 0.
Di®erentiation yields

F 0 (x) = 1¡ 10000
x2

F 00 (x) =
20000

x3
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The ¯rst order condition F 0 (x) = 0 yields

x2 = 10000

There is only one solution to this equation in the positive numbers, namely x = 100.
Since F 00 (x) > 0 for all positive x it follows that x = 100 is the absolute minimum. The
minimal amount of fencing needed is F = 100 + 10000

100
= 200. The area has to be x = 100

yards long and y = 50 yards deep.

Reading: Read also examples 3.5.2, 3.5.3 and 5.3.5 in the textbook.

4


