
BEE1020 — Basic Mathematical Economics Dieter Balkenborg
Week 10, Lecture Tuesday 09.12.03 Department of Economics
Profit maximization / Elasticity University of Exeter

1 Maximizing profits when marginal costs are in-

creasing

We consider in this section a firm in a perfectly competitive market where many firms
produce the same product. In such markets a single firm’s impact on the market price
is negligible and it acts as a price taker, i.e., it takes the market price P as a given fixed
quantity which it cannot influence.
Assuming increasing marginal costs we will show that the individual supply curve1 of

such a firm is its marginal costs curve and that the individual supply function is the
inverse of the marginal cost function.
The total revenue of a firm is the product market price times the quantity Q sold by

the firm:
TR (Q) = P (Q)Q

The marginal revenue is the derivative of total revenue with respect to quantity,

MR (Q) =
dTR

dQ

i.e., it is roughly the increase in total revenue when the firm produces a single (small)
unit of output more.
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MC (Q) = dTC
dQ

= 10Q+ 20

A price taking firm will regard the price as a constant. Hence its marginal revenue is
equal to the price: The price is fixed by the market, so an additional unit sold increases
the revenue by the price P .

MR (Q) =
dTR

dQ
= P

If there is no uncertainty a firm will produce exactly what it wants to sell. Let TC (Q)
denote the total cost function of the firm, for instance

TC (Q) = 5Q2 + 20Q+ 110.

1More precisely, that part of the supply curve where the firm produces a positive quantity.



This was the second example in an earlier handout. The marginal cost function in this
example is increasing. The marginal cost curve and the marginal cost function are given
in the figure on the previous page. Recall that if the producer is currently producing the
quantity Q, then it will cost him (roughly) the marginal costsMC (Q) to produce a single
(small) unit more. Recall also how you can read off this information from the graph: For
a given quantity Q on the horizontal axis move upwards to the point on the graph. The
height of this point is the marginal cost.
The profit function of the firm is in general

Π (Q) = TR (Q)− TC (Q)
If the (absolute) profit maximum Q∗ is a critical point of the profit function (we will check
this later) it must satisfy the first order condition

0 = Π0 (Q∗) =MR (Q∗)−MC (Q∗)
so marginal revenue must equal marginal costs

MR (Q∗) =MC (Q∗)

In a perfectly competitive market this means that price must equal marginal costs.

P =MC (Q∗) (1)

This is plausible: If the price were above the marginal costs, the producer could produce
one unit more and thereby make a gain. If the price were below the marginal costs the
producer could produce one unit less and thereby increase his profits. So, in optimum
price must equal marginal costs.
Notice how you can use the marginal cost curve above to find the profit optimum:

Starting with the market price P on the vertical axis we look to the right until we hit
the marginal cost curve and below we can read off how much the firm would produce in
optimum. Hence we have found the supply curve of the firm: The graph tells us how
much the firm would produce for any given price. However, Equation (1) gives us this
information only indirectly namely for a given price we must first solve this equation for
Q∗ to find the quantity supplied. The supply function QS (P ) which tells us for each given
price how much the firm will produce is the inverse of the marginal cost function. By
tradition one does not invert the graph but, in the case of demand- and supply functions,
one draws the independent variable P on the vertical axis and the dependent variable Q
on horizontal axis.
The marginal cost curve in our example is MC (Q) = 10Q+ 20.
Price equals marginal costs means hence

P = 10Q∗ + 20 (2)

whereby Q∗ is the profit-maximizing quantity. For instance, if the market price is P = 80
we obtain from equation (2) the unique solution Q∗ = 6. This reasoning works for every
market price P . The equation that price must equal marginal costs has the unique solution

QS (P ) = Q∗ =
P − 20
10

(3)
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and this equation gives us the supply function of the firm.
The above arguments assumed that the profit maximizing quantity is given by the

first order condition P = MC (Q∗). Let us now discuss for an increasing marginal cost
function when this is indeed the case.

1. Since marginal costs are increasing a horizontal line can intersect the marginal cost
curve at most once. Hence, for any given price there can be at most one critical
point.

2. The marginal cost curve is increasing and thence the derivative of the profit function

Π0 (Q) = P −MC (Q)
is decreasing. Recall that a function is strictly concave if and only if its first deriva-
tive is decreasing (where the latter is reflected by having “almost everywhere” a
negative second derivative). Hence the profit function is strictly concave. There-
fore, if the first order condition P =MC (Q∗) has a solution Q∗ it will be the unique
critical point of the profit function and it will be an absolute maximum of the profit
function. In the example this happens, for instance, when P = 80.
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3. It is, however, possible that the first order condition has no solution. This can
happen in two ways:

(a) The market price is lower than the minimal marginal costs MC (0) at 0 and
hence lower than the marginal cost at any quantity. In this case the derivative
of the profit function

Π0 (Q) = P −MC (Q)
is always negative, which means that profit is always decreasing in quantity.
Clearly, it is then optimal for the firm to produce zero output. In the above
example this happens when the price is below 20, for instance when P = 10:
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Algebraically Equation (3) then has a negative solution and the profit function
has a single peak in the negative. It is then optimal for the firm to produce an
output as close to this peak as possible, i.e., to produce zero.

(b) It does not happen in most examples, but a priori it is possible that the price is
higher than the marginal costs could ever get. For this to happen the marginal
cost curve would have to look like this:

0

20
40
60
80
100
120
140
160
180
200

P

1 2 3 4 5 6 7Q

MC (Q) = 150− 100
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For prices above 150 the profit function is always increasing. Because the price
is always above the marginal costs it always pays to produce a unit more. The
firm would like to supply an infinite amount at such prices. Mathematically,
an absolute profit maximum does not exist. Economically, the assumption of
a price-taking firm is no longer adequate at such prices. Firms cannot bring
arbitrarily large quantities to the market without having an impact on the
price.

2 Maximizing profits when marginal costs are con-

stant

For a price taking firm one gets similarly extreme results as in the Case b) just discussed
when the marginal costs are constant. For instance, in the first example of the earlier
handout the total cost function was

TC (Q) = 90 + 20Q.

The marginal costs curve is constant at height 20.
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The profit function is linear in Q

Π (Q) = TR (Q)− TC (Q) = PQ− 90− 20Q = (P − 20)Q− 90
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When the price is below the marginal costs, the profit function is decreasing and it is
optimal to produce zero output. When the price is above the marginal costs, the profit
function is increasing and it is optimal to produce an infinite amount. When the price
is exactly equal to the marginal costs, the profit function is flat and any output is profit
maximizing. One obtains the extreme case of a horizontal supply curve. A supply function
does not exist. One speaks of an “infinitely elastic supply curve”. If all firms in the market
have the same costs, the only equilibrium price would be P = 20. Because of the fixed
costs all firms would make losses and would have to exit in the long run.

3 Monopoly

One gets less extreme results with constant marginal costs for models of imperfect com-
petition. For instance, a monopolist (no competition) will take fully account of the fact
that the quantity he sells has an effect on the market price. Suppose that he has the cost
function

TC (Q) = 90 + 20Q

while he faces the demand function

Q = QD (P ) = 10.40− 1

50
P

which tells us the quantity demanded at every given price. Solving for P

Q = 10.40− 1

50
P

50Q = 520− P
P + 50Q = 520

P = 520− 50Q

we obtain the inverse demand function

P = P (Q) = 520− 50Q

which tells us the price the monopolist can achieve when he brings the quantity Q to the
market.
The total revenue is now

TR (Q) = P (Q)Q = (520− 50Q)Q = 520Q− 50Q2
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and his marginal revenue is no longer simply the price

MR (Q) =
dTR

dQ
= 520− 100Q

Equating marginal costs with marginal revenue gives

520− 100Q = MR (Q) =MC (Q) = 20

500 = 100Q

Q = 5

i.e., it is optimal for him to produce 5 units. One can verify that this quantity actually
maximizes profits and that the monopolist can make positive profits.
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In the figure on the right the profit-maximizing quantity is obtained as the intersection
of the downward sloping marginal revenue curve and the horizontal marginal cost curve.

4 U-shaped average variable costs

The third example of a total cost function discussed in the first handout, week 6, was

TC (Q) = 2Q3 − 18Q2 + 60Q+ 50
We want to know which quantity a profit-maximizing firm with this cost function should
produce when the market is perfectly competitive and the given market price is P .
It turns out that the answer to this question depends on the average variable costs

(AVC) and the marginal costs (MC). Hence, we must first discuss how the average variable
costs curve looks and how it relates to the marginal costs curve.
In our example, the fixed costs are FC = 50 and the variable costs are hence

V C (Q) = 2Q3 − 18Q2 + 60Q.
Average costs are generally costs per item produced, so the average variable cost

function is in our example
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= 2Q2 − 18Q+ 60.
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As the graph indicates, the AVC curve is U-shaped, i.e., it is strictly convex and has
a unique absolute minimum at QMin = 4.5. The minimum average variable costs are
calculated as

AV CMin = AV C (4.5) = 19.5

To see algebraically that the AVC curve is indeed U-shaped with the describe properties
we a) differentiate

AV C 0 (Q) = 4Q− 18,
b) solve the first order condition

AV C 0 (Q) = 4Q− 18 = 0 or Q =
18

4
= 4.5,

c) observe that there is a unique solution at 4.5,
d) differentiate again

AV C 00 (Q) = 4 > 0

and observe hence that our function is indeed strictly convex. In particular, QMin = 4.5
is the absolute minimum.

Recall that the marginal costs are the derivative of the total or variable costs (the
latter two differ only by a constant term). They are

MC (Q) =
dTC

dQ
=
dV C

dQ
= 6Q2 − 36Q+ 60

and are also U-shaped.

5 The relation between AVC, MC and supply

Whenever the AVC curve is U-shaped, i.e., strictly convex with a unique absolute mini-
mum, the following applies:
1) The AVC curve and the MC curve intersect in two points, once on the vertical axis
and one in the minimum of the AVC curve.
2) In the downward-sloping part of the AVC curve the MC curve is below the AVC curve,
in the upward-sloping part it is above.
3) Above the AVC curve marginal costs are strictly increasing.
The following picture illustrates these facts in our example:
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Moreover,
4) The individual supply curve is given by the part of the MC curve above the AVC curve.
More precisely:
A) When the price is below the minimum average variable costs, it is optimal for the firm
not to produce any output.
B) When the price is above the minimum average variable costs, it is optimal for the firm
to produce a positive amount of output. Namely, it is optimal to produce the largest
quantity for which the price equals the marginal costs.
C) When the price is exactly equal to the minimum average variable costs, two quantities
are optimal to produce, namely zero and the quantity which minimizes AVC.

Applied to our example this means the following:
At prices below 19.5 it is optimal to produce zero.
When the price is exactly 19.5, both Q = 0 and Q = 4.5 are optimal.
When the price is, for instance, P = 30 we must first solve the equation P =MC (Q)

or

30 = 6Q2 − 36Q+ 60
0 = 6Q2 − 36Q+ 30 = 6 ¡Q2 − 6Q+ 5¢ = 6 (Q− 1) (Q− 2)

Here both Q = 1 and Q = 5 solve this equation. The larger of the two, Q = 5, is the
profit maximizing quantity.
Using the general formula to solve quadratic equations one can obtain the supply

function explicitly as follows:

P = 6Q2 − 36Q+ 60
0 = 6Q2 − 36Q+ 60− P
0 = Q2 − 6Q+ 10− P

6

Q1/2 =
−6±

q
36− 4 ¡10− P

6

¢
2

= −3
s
36− 4 ¡10− P

6

¢
4

= −3±
r
9− 10 + P

6

and, by taking the larger root, one obtains the supply function

QS = 3 +

r
P

6
− 1

valid for prices above 19.5.

Remark 1 It holds as well that the average total cost curve intersects the marginal cost
curve in its minimum.
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5.1 Sketch of the argument

Read this section only if you like math!
Finally we indicate why the four facts stated above hold. For a more verbal presenta-

tion see Begg, Fischer, and Dornbusch (2000).
Variable costs are, by definition, the product of quantity and average variable costs:

V C (Q) = Q×AV C (Q)

We can differentiate this equation using the product rule and obtain

MC (Q) = AV C (Q) +Q
dAV C

dQ

From this equation we see that marginal costs are equal to average variable costs at the
minimum of the AVC curve (since there dAV C

dQ
= 0), they are below the AVC curve when

the latter is downward-sloped (dAV C
dQ

< 0) and above when the latter is upward sloped

(dAV C
dQ

> 0).2

Differentiating again gives

dMC

dQ
=
dAV C

dQ
+
dAV C

dQ
+Q

d2AV C

dQ2
= 2

dAV C

dQ
+Q

d2AV C

dQ2

We have Q > 0 and, since the AV C curve is strictly convex, d
2AV C
dQ2

≥ 0. In the upward-
sloping part of the AVC curve we have dAV C

dQ
> 0 and get overall dMC

dQ
> 0, i.e., the

marginal cost curve is increasing above the AVC curve.
To see that the AVC curve and the MC curve meet on the vertical axis one has to know the definition

of the derivative as a limit of difference quotient (or “rates of change”) (see Hoffmann and Bradley (2000),

Chapter 2, Section 1). Actually, AV C (Q) = V C(Q)
Q

= V C(Q)−V C(0)
Q−0 is a difference quotient at zero

and therefore

MC (0) =
dV C

dQ
(0) = lim

Q→0
V C (Q)− V C (0)

Q− 0 = lim
Q→0

AV C (Q) .

(AV C (0) is, of course, not defined.)
We have shown the statements 1 - 3 above.
Concerning statement 4 I skip the very technical argument why an absolute profit

maximum always exists when the AVC curve is U-shaped. (Essentially one can show that
the profit function must be decreasing for very large quantities.) Assuming it exists, it
can either be at Q = 0 or it can be at a positive quantity. In the latter case it must be
a “peak” and hence the first order condition P = MC (Q) must be satisfied. It follows
that the part of a supply curve where a strictly positive quantity is produced must be a
part of the marginal cost curve.

2The AVC curve cannot have saddle points since it is assumed to be strictly convex. This rules out
dAV C
dQ = 0 except for the minimum..
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When zero output is produced, only the fixed costs are to be paid: Π (0) = −FC. For
Q > 0 we can rewrite the profit function as follows:

Π (Q) = PQ− V C (Q)− FC = PQ−Q×AV C (Q)− FC
= Q (P −AV C (Q))− FC

For prices below the minimum average variable costs P −AV C (Q) is negative for all
quantities Q > 0. Therefore Π (Q) < −FC = Π (0) and it it is optimal to produce zero.
In words: one loses on average more on variable costs per item produced than one gains
in revenues and hence it is better to produce nothing. (The fixed costs must be paid
anyway.)
For prices P > AV CMin only the largest solution to the equation P =MC (Q) gives

a point on the MC curve which is above the AVC curve. For this solution P =MC (Q) >
AV C (Q) is satisfied and hence Π (Q) > Π (0). For all other solutions Π (Q) < Π (0).
Hence this solution is the only candidate for the profit maximum. Since we assumed one,
this must be it.
When P = AV CMin one has P = MC

¡
QMin

¢
= AV C

¡
QMin

¢
. Hence Π (0) =

Π
¡
QMin

¢
. All other critical points of the profit function can be ruled out, so these two

quantities must be optimal.

6 The own-price elasticity

Consider the demand function
Qd = 1000− P 3.

where quantity is measured in tons and prices in pounds. We have

dQd

dP
= −3P 2

If the current price is $5 and then the price is raised by a pound, quantity demand

decreases approximately by dQd

dP |P=5 = 3 × 52 = 75 tons. A one-percent increase in the
price would mean a price increase by 5p= 1

20
×$1 and hence reduce quantity demanded

approximately 3.75 = 75
20
tons. Since demand at $5 is 1000 − 53 = 875 the percentage

decrease is 3.75
875
≈ 0.0043 = 0.43%. Thus a 1% increase in price reduces quantity demanded

by 0.43%. Demand is inelastic at this price.

More generally: dQd

dP
is the approximate change in demand when the price increases

by a pound. When the initial price is P , an increase by a pound is an increase by 100
P

percent. Therefore an increase of the price by 1% changes the quantity demanded by

approximately by P
100
× dQd

dP
tons. Therefore the percentage change in quantity demanded

is approximately

ped (P ) =
100

Qd
× P

100
× dQ

d

dP
=
dQd

dP
× P

Qd

This is the own-price elasticity of demand. One can rewrite this formula as

ped (P ) =
dQd

Qd
÷ dP
P
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where 100dP
P
is the percentage increase in price and 100dQ

d

Qd
is (approximately) the induced

percentage change in quantity. In our example the own-price elasticity is

ped (P ) =
¡−3P 2¢× P

Qd
= −3 P 3

1000− P 3

When is demand inelastic, i.e., when is the negative of the own price elasticity less than
1? This will be the case when

3
P 3

1000− P 3 < 1
or3

3P 3 < 1000− P 3 4P 3 < 1000 P 3 < 250 P <
3
√
250 ≈ 6.3

Exactly when P = 3
√
250 there is unit elasticity and above demand is elastic.

6.1 Total revenue

With this demand, total revenue of the market is

TR = PQd = P
¡
1000− P 3¢

Total revenue is maximized when

dTR

dP
= 1000− 4P 3 = 0

or P = 3
√
250, i.e., exactly when there is unit elasticity. Since d2TR

dP 2
= −12P 2 < 0, total

revenue decreases to the left and increases to the right of this price.

6.2 Inverse demand

The consumers will demand a quantity Q when the price is such that

Q = Qd (P ) = 1000− P 3
P 3 = 1000−Q
P d = 3

p
1000−Q

The function defined in the last line is called the inverse demand function.

6.3 Marginal revenue

Above we expressed total revenue as a function of price and calculated the derivative dTR
dP
.

Economists have no special name for this derivative. Alternatively we can now use the
inverse demand function to express total revenue as a function of quantity:

TR = PQ = 3
p
1000−Q×Q = (1000−Q) 13 ×Q

3this step is allowed for 1000− P 3 > 0 or P < 10, i.e., as long as demand is positive.
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Recall that quantity demanded is decreasing in price. Therefore: total revenue is increas-
ing in price where it is decreasing in quantity and vice versa.
Marginal revenue is the change in revenue if a small unit more of the commodity is

sold on the market. Thus

MR =
dTR

dQ
= −1

3
(1000−Q)− 2

3 ×Q+ (1000−Q) 13

In particular, marginal revenue is zero when

(1000−Q)−2
3 ×Q = 3 (1000−Q) 13

Q = 3 (1000−Q) = 3000− 3Q
4Q = 3000 Q = 750

which is the quantity demanded at P = 3
√
250. For lower quantities it is positive and for

higher ones negative.
In general, marginal revenue and own-price elasticity are related by

MR = P

µ
1 +

1

ped (P )

¶
This is so because

dTR

dP
=
d
¡
PQd

¢
dP

= Qd + P
dQd

dP

whereas by the chain rule
dTR

dP
=
dTR

dQ

dQd

dP

and so

MR =
dTR

dQ
=

µ
Qd + P

dQd

dP

¶Á
dQd

dP
=
Qd

dQd

dP

+ P =
P

dQd

dP
P
Qd

+ P
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